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IIpearosop

IIpearosop

” Although this may seem a paradox, all exact science is dominated
by the idea of approximation.”

"Mootce ce wunumu napadokcanstno wWmo c60M e23aKMHOM HAYKOM
domunupa udeja anpoxcumayuje.”

Beprpan Pacen!

[Ipeamer oBe jucepranmje cy OPTONOHAJIHU ITOJMHOMHU HA PEAJIHO] HPaBOj.
[TomuoMu jeiHe MpOMEH/bUBE Y BEJIMKO] MEPHU MPOYKUMA]y KJIACHIHY HYMEpH-
yKy aHaau3y. l[lommHOMCKa ampokcuManuja jeJad je o1 HajIpUPOIHAJUX MpPH-
CTyIa PeKOHCTPYKIHjU (DYHKIHja HA OCHOBY KOHAYHOT CKyIa HHMOpMAIILja.
Y MUpPOKOj MaJeTH HYMEPUYKHX MeTOJa MOJUHOMH WMAjy VJIOTY TMOMOhHHX
dyukiuja. KapakrepucTuinu moJIMHOMH YCIOCTaB/bajy MOCTOBE MaTeMaTHKe
Ca MHZKEeHEePCKUM AUCIUITJINHAMA. JOH_[ HEKe TpaJulluOHaJIHE O6I[aCTI/I NHTEH-
3UBHe IPHMEHE jeCcy OPTOrOHAJHH Pa3Boju (reHepasmzoBanu PypujeoBu pe-
JIOBH ), HYMepHUYKa WHTerpanuja (KBaaparypue ¢hopMmysie) U pasJnduTe paHe
duzuke n mexanuke. Hemrro Mame mo3nata je Be3a OPTOTOHATHUX TOJHHOMA
ca [TageoBom anpokcumanujom. HoBuja, caBpeMena ucrpazkubarma U3 Teopuje
BepoBaTHOhe W CTOXaCTUYKUX Ipolieca, Teopuje rpacdosa, Koaupara, UT/I.,
Takohe ce oc/lamajy Ha 3Hamba U3 00J1aCTU OPTOTOHAJTHUX IIOJMHOMA.

Kiracuunu oproronaJinu noJiMHOMU, Kao mTo cy Jlexanjaposu, Jlareposu,
EpMuToBu u apyru, uMajy MIIPOKY OPUMEHY Y CBHUM O0JacTHMa HayKe W WH-
XKemepceTBa. JloK je Teopmja KIaCHIHUX OPTOTOHAJTHHUX MOJUHOMA Pa3BUjeHA
y J006poj MepH, Imupa KJjaaca IMOJNHOMA U Ja/be OCTaje HEMO3HAHWIA Y Be3d
pPavYyHCKUX acliekara Kao u npuMene. [lojimHOMU OpTOroHa/IHU y OJIHOCY HA, He-
cTaHJap/iHe TeXKWHEe ¥ Mepe UMajy MHOro Mame npumeheny mpumeny. Paszjor
oBOMeE je y OpojHuM TenkohaMa Koje mpaTe ’UXOBO HYMEPUYKO TeHEePUCATHE.

!Bertrand Russell (1872-1970), 6purancku Maremarudap u ¢puuosod.



IIpearosop

KoHcTpyKmuja opTOTOHAJTHUX TOJUHOMA jé TPUJIUYIHO jeTHOCTABHA KaJa
jé eKCILUIMIIUTHO [M03HATa TPOYJIaHa PEeKypPeHTHA peJianuja. Y TBphuBambe Hero-
3HATUX Y/JAHOBA PEKYPEHTHE peJjialije je camo 1o ceOu BeoMa TexKakK Ipoo-
jgem. llHTepecaHTHO je 7a je meMy y JIUTepaTypH MPHUIAaBAHO MaJO IarxK-
e, HAPOYHUTO y pa3ao0/by Ipe KoMmijyTepa. HajBepoBarHuje 1a je Tome J0-
MIPUHEJIO TOCTOjahe TEOPU)CKOT pellerha, JaToT (hopMyIoM TPeKo XeHKeTOBUX
jgerepmuaaHarta. OBaKkaB IMPUCTYI HOCH HPETEPAHY PAUYHCKY HEHY M BEJUKY
HYMEPHUYKY HECTaOUJIHOCT NPUJIMKOM KOHCTPYKIMje PEKYP3UBHUX KOeduiry-
jenara. Ilocyienmux 4eTBPT BeKa 3HAYajaH HAIPEJIAK MOCTUTHYT je Ha OBOM
IJIaHy, KAKO Yy MeTOoJaMa Be3aHUM 3a U3pavdyHaBambha HEKJIACHIHUX OPTOTOHAJI-
HUAX MTOJMHOMA TAaKO W Y HUXOBOj HOBOj MPUMEHH.

Hymepuuko m3padyHaBame je BeoMa BakKaH ajgaT MPUJINKOM TeCTHPamba
ujaeja W XUMOTe3a y MHOTUM HCTpaKuBamuMa. llpumapHu nmmwm ekcnepu-
MEHTA/IHE MaTeMaTuke je yHanpeheme Teopujckor 3uama. ExcrepumeHTa HA
pe3y/ITaTh MOTY JaTH CMEPHHUIIE, /1A MOJACTAKHY WU OXpadpe Jajbe 3y daBarmbe.
Y obsiacTi MCTpakWBarha HEKJACUYHUX OPTOTOHAJHUX TOJMHOMA, €KCIIepH-
MeHTAJHa UCTPaKUBaha Cy Y BEJINKO] MepH OJIAKITaHa ITOCTOjaHheM CIIeTIja TH-
30BaHUX MPOrpaMCKuX IakeTa pa3pujanux y Matlab m Wolfram Mathematica
codprBepuma. lasbu pa3Boj KOHCTPYKTUBHE TEOPHUje OPTOTOHAJIHUX HOJUHOMA
je y 4UBpCTOj crpe3u ca axkKypupamem u yHarnpehemem OBaKBUX CIENHjain30-
BaHUX MaKeTa.

W3 cBux HaBejeHUX pazjiora m3ydaBarbe OCOOMHA OPTOTOHAJHUX TIOJIH-
HOMA YWHU ce NMPUKJAJIHO, Y HajMamy pyKy. [Ipakca mokasyje ja perraBarme
npobJieMa KOHCTPYKIUje HeKJIACHIHUX OPTOrOHAJIHHUX HOJTHHOMA JOBOJIA BPJIO
Op30 JI0 HUXOBe HpHUMeHe, YaK U Ha HecTaHaapgHe Hadube. Jlaspum pasBoj
KOHCTPYKTHUBHE TEOpHje U UCTPAKUBAThe PAUYHCKHUX U COPTBEPCKUX acIeKaTa
HEKJIACUYHUX CHCTEMa OPTOIOHAJHUX IOJUHOMA, HECYMIbUBO he yHalpeauTu
ILUXOBY NpuMeHy. Takohe, Huje ITpeBUIlle OYEKUBATH HU 3a9€TKE HEKHX TOT-
IIYHO HOBUX HAYYHUX JAUCIUILIMHA NPOU3AILINX U3 CAUIHUX HCTPAKUBAHA.

OBa pucepranmja pe3yJITar je BHIIErOAUIIber U3ydaBambha KOHCTPYKTUBHE
TeOpI/Ije HEKJIACUYIHUX OPTOrOHAJIHUX ITOJIMHOMA BObeHa MEHTOPOM aKaJdeMHU-
kom ['pagmvmupom MmusioBanoBuhem u y3 OJMCKY capajmy ca mpodecopoMm
Anekcanapom [perkoBuhem. /lucepramuja je opraHn3oBaHa y YeTHPH IJIaBe.

[IpBa raBa je mperyieTHOT KapakTepa W CACTOjU C€ OJf YeTUPH TMOTJIaB/ba.
Y 10j je pa3MaTpaH ONIITH KOHIENT HMOJMHOMa OPTOTOHAJIHUX Y OJHOCY HA
JUHeapHY (YHKIHOHENY jJeUHUCAHY HA HPOCTOPY aJredapCKuX MOJTHHOMA.
ar je Kparak uperJie/i OCHOBHUX pe3yJ/iTaTa Teopuje OPTOIOHAJIHUX [TOJIUMHOMA
Ha peaJiHoj npaBoj. Kako ce 3Havajan jieo jgucepraiuje 6aBu M3ydaBambeM
MOJTMHOMA OPTOTOHAJHUX Y OJHOCY Ha MojguduroBane Hebuiier/beBe Mmepe,
TO je MoceOHO IorIaB/be MpBe riiaBe nocseheno YeburneB/peBUM MOJTUHOMUMA.

vi



IIpearosop

Ha xpajy oBe ritaBe 1aTtu cy OCHOBHH METOIHN 38 KOHCTPYKIN]Y OPTOTOHATHUX
HOJIMHOMA.

JIpyra rnaBa mocsehena je MomaumduKanmumoHuM anaroputvuma. IIpoctop
je jar pesyjraruMa pajia Ha Hpobjemy yTHilaja MojeJIMHUX MOAnu(UKaINja
TexknHCKe (byHKIMje Ha KoedunujeHTe TpodaaHe pekKypeHTHe pesamuje. Pas-
BHjeH je OpUTMHAJHHM PAIMOHAJIHHU aJropuTaM 3a KBajpaTHy KpucrtodesioBy
Mo nUKANK]y TeKUHe U IPUMEIbEeH je Ha FeHepHUCabe TOJTHHOMA OPTOTOHAJ-
HUX Y OJHOCY Ha HeKe MoAnUKOBaHE Mepe.

Tpeha rimaBa 6aBu ce HCK/BYUHBO M3yUaBaIHEM MOJTUHOMA OPTOTOHAJHHUX Y
onHOCy Ha MoamduxkoBane ebuieB/heBe Mepe IpBe W JIpyre BpcTe. 3a OBe
HEKJIACUYHE TEKUHE KA0 OPUIMHAJIHM Pe3y/ITarT Jo0ujenu cy kKoedulujeHTu
TpodYJIaHe PEKYPEeHTHe peJallfje y aHAJUTHIKNA 3aTBOPEHOM ODJINKY.

Y 49erBpTOj IJIaBU JAT je mpersieji OCHOBHUX pe3yJsiTara U3 KBaJpaTypPHUX
nporneca, oyayhu ga je To obJsiacT JUpPEKTHE TMPUMEHE TeOPHje OPTOTOHATHUX
HOJIMHOMA. Y JPYTOM TOIJIaBJ/by YeTBpPTe IJIaBe NCIUTUBAHU Cy TMOTPEeOHU U
JIOBOJHHU YCJIOBU MO3UTUBHE Te(UHUTHOCTH HEKWX JIMHeaApHUX (pyHKIHOHEIa
neduHICAHTX HA CKYYy anrebapckux moannoma. [locmarpana je u ctammapana
L2-anpokcumanuja. [IpuMene MoaudUKAIMOHOr aJINOPUTMa HPE/ICTABLEHOT Yy
NPYTOj TJAaBM Ha HOJUHOMCKY L2-alpOKCHMAaIumjy ca OrpaHHYerbIMa, HaIase
ce Ha Kpajy.

Hywmepucame cBux jgedunnnmja, reopema, jgema, npumepa, cianka u tadesia
M3BPINEHO je peMa PeJIHOM OpOojy MorjiaB/ba y KOjeM Ce jaBjbajy M pPeioc/iery
jaB/barba y OKBHPY CaMOI IIOIJIaB/ba.

Crucax kopuriheHe Win IUTHPaHe JUTEpAType, KOju ce cactoju ox 71 pe-
depenrie, 1aT je Ha Kpajy JHCcepTalnje.

OBOM NIPUINKOM MOCEOHO YKEJMM Ja Ce 3aXBaJUM CBOM MEHTOpPY, aKale-
Muky ['pagumupy MwuioBanosuhy, Ha momohu, JUYHOM aHTazKOBamy W CTAJ-
HOM CTPYYHOM Haj30py. Takohe, BeuKy 3axBaHOCT AyryjeM ap AJeKCaHapy
[IBeTkoBUhY, jep je capaama ca lEM OHIa OJ1 IpecyTHe BaYKHOCTHU 3a HACTAHAK
ose jiucepranuje. Ha kpajy 3axBaJbyjem ce kosierama ca Karejpe 3a marema-
Tuky Ejekrponckor dakysirera y Huiry Ha necedbudnoj momohu, pasymMenarby
U CTPILBEILY.

Humm, jyn 2016. Mapjaun Marejuh

Vil



I'maBa 1

OcHoBHa Teopuja OPTOTrOHAJIHUX
IMOJINHOMA HAa peaJiHOj IIpaBoj

1.1 VYBog

M3y4yaBame OpTOrOHAJTHUX IOJMHOMA, IHUXOBAa KOHCTPYKIUja, aHAIA3a H
HpUMeHa, IpeCcTaB/ba je/IHY O KJIACHUYHUX T'paHa IpUMemheHe MaTeMaTHKe.
Hasmake Teopmje MozKeMO TIPATHTH cBe 10 JlexKaHmpa', y meroBoM mpoyda-
Bamy Kperama Hebeckux Tesia. Popmasina reopuja nountbe anaan3om CTuir-
jecopux? BepmkHIX pasziomaka. CBOj TONPHHOC 00JACTH AN Cy MHOTH Be-
JWKH MaTeMaTmdapH, of Beprymmja® 1o Epgemal.

Kao u cBe crnenumjasne (yHKIMje, OPTOrOHAJIHNA MOJUHOMHU CY W CBOJUM
OPEKJIOM M Pa3BOjeM TeCHO Be3aHH 3a IPAKTUYHY HpuUMeHy. 3060r Tora mx
Ipe/ICTaB/haMO Kao MoOhaH ajaT BHCOKE TEeXHOJOTHje. 3Ha4uaj UCTParKUBabha
OBe KJaCHYHe TeMe OIJIefla ce y HMIPEeCUBHOM OpOjy MMILTUKAIMja U IpUMeHa
THX UCTPAKUBaha KAKO Y IIPUMEHEHO] MaTeMaTHIU TAaKO U Yy MHOI'UM JIPYTI'UM
obsactuma Hayke. CnomenyheMo Tek Heke 3HaYajHUje: TeopHja omeparopa,
HyMepHYKa aHAJM3a, BEPUZKHE PA3JIOMIM U Teopuja OpojeBa, KOMOMHATOPHUKA,
Teopuja rpagoBa, CTOXaCTHIKHI MIPOIECH, CTATUCTUKA, TEOPUja HHTEIrPDAJTHUX U
nudepeHnuja HuX jeIHaYnHA, THHAMIIKIA CHCTEMH, TeOpHja MOJaTaKa, KOMII-
jyrepcka Tomorpaduja, eJeKTPOCTATUKA, €JIEKTPOTEXHUKA, 0bpajia JIuIuTali-
HUX CUT'HaJIa, Teopuja ujitapa, KBAaHTHA MeXaHUKa, HyKJjieapHa dpusnka, dpu-
3MKa IYBPCTOT CTama, TEOPUjCKa XeMUja W JIp.

! Adrien Marie Legendre (1752-1833), dpantyckn MaremMatindap u busnHap.
2Thomas Joannes Stieltjes (1856-1894), nancku MaTeMaTHIap.

3Jacob Bernoulli (1655-1705), mBajuapcku MareMaraygap.

1P4l Erdés (1913-1996), maremaruuap mahapckor HOpeK.Ia.



1.1. ¥YBon

YpaBo mupoka MpuMeHa OPTOTOHAJHUX MOJTUHOMA PA3JIOT je CTATHOT WH-
TepecoBama UCTpazxKuBada 3a oBy objiact. Pa3Boj nocrojehiux m HoBux Hay4-
HUX 00JIACTH BEOMa YeCTO je y TeCHO] CIPEe3U Ca MHUPEHeM TeOPHjCKOT 3Haha
3 00JacTH OPTOTOHAJTHUX IOJUHOMA. Y HOBHje BpeMe HocebaH IMO/ICTHIA]
UCTPAKNBAIMa TMpPUMeheHe MaTeMaTHuKe, YOUIITe, a0 je pa3Boj MOWHHX
KOMIIjYTePCKUX CHCTeMa CIIOCOOHUX 3a M3BOherhe CUMOOTNIKNAX N3padyHaBaAha
(Mapple, Mathematica n ci.). To y n3ysernoj mMepu cMarbyje HEOIXOIHOCT
pajia mamup-oJI0BKa, T€ CYy MOJEPHU KOMIIJYTEPCKU CUCTEMH IMOCTAJN He3a-
MEHJ/bUBHU y CaBpEMEHHUM HAYYHUM UCTPaKHUBabHUMa.

Teopuja opToroHa/JIHUX MOJTMHOMA Pa3BUja Ce y JBa MPABIA: AJITe0apCKU U
anasuTnakn. CBakW OJ1 JIBA acCleKTa TeopHuje THYe ce oropapajyhnx Kapax-
TEPUCTUKA OPTOTOHAJHUX MOJMHOMA DPa3BUjaHUX y OKBUPY ojpehene qucru-
winHe, anarebpe man anaause. Hajsehum Opoj reHepaHUX pe3yaTaTa TeopHje
OPTOTOHAJIHUX ITOJIMHOMA, TIPUIIA/IA JIBEMa 00/IaCTUMA: OPTOTOHAJIHU TOJTMHOMHA
Ha peajiHoj npasoj u na jeammmunom kpyry K[0,1] = {z||z| = 1}. Hln-
pOKa maJieTa pe3yJTara moC/JenIa je MHTeH3UBHE TPUMEHe, HAPOUINTO KJIACHU-

YHUX OPTOTOHAJIHHUX IIOJMHOMA, KAO U CIENUjaJHAX [HOTOTHAX OCOOMHA CAMUX
ckynosa R u K10, 1].

Y mucepranuju 6aBuhieMo ce TPOCTOPOM MOJTHHOMA peajHe MPOMEH/bUBE X
HAaJI TIOJbeM KOMILTIeKCHUX OpojeBa, y osuanu (P, C). Ca P, o3HagaBamo CKym
cBUX ajrebapCKuX MOJIMHOMA CTeNeHa He Beher o n HaJI 0/heM KOMILIEKCHUX
6pojesa C, a oxrosapajyhu siuneapan npocrop ca (P, C). Aunamoruo (P,R) u
(Pn, R) osnauasahe oarosapajyhe mHeapHe pocTope ajredapCKux moJIHHOMA
HaJ HoJheM peaaHux opojeBa R. O3naka 73n pe3epBHUcaHa je 3a CKYIT MOHUIHUX
OJTUHOMA.

Hedbunumuja 1.1.1 Heka je m,, n € Ny, a3 xommaekcaux OpojeBa u
Heka je £ dyHKIHja ca KOMILUIEKCHUM BpeaHocTuMa jeUHUCAHA HA CKYILY
cBUX anrebapCKuX MOJUHOMA Ca

L(z")=m,, n € Ny,
L (alpl(a:) + OZQPQ(I)) = O{1£<P1(l')) + OZQ,C(PQ(I'))

3a CBe KOMILIEKCHE GpojeBe o, g u cBe nojmuome Py(z), Py(z). Tana ce £
30Be MOMEHT-(DYHKIMOHE A jiebuHrcana HU30M MOMeHaTa M,, n € Ny. Bpoj
M, je MOMEHT peja n.

Jluneapua dpyukmnuonena L jeJMHCTBEHO je oapeheHa HI30M MOMeEHATA My,
k € Ny. 3a npoussosbuu nosunom P(z) = > apa® umamo

L(P(x)) =) axmy.
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Hedunnmuja 1.1.2 Heka je mara nmuaeapua ¢yukmmonena L : P — C.
Hu3 nonunoma Py, k € Ny, je Hu3 moamnoma oproroHajaux y ojgnocy Ha L
AKO M CaMO aKO BarKW:

(1) momuuom Py, k € Ny, je crenena k,
(2) L(PkPZ) == Ml(sklu Ml # 07 kal € N07

rie je 0y Kponekeposa jgesra.

Hwus nmonunoma Py, k € Ny, je oproHopMupan ako je monuaoMm Py, k € Ny,
crernena k v BaxKu

L(P.F) = 0w, k,1€Ng.

Y HacTaBKy JlajeMo 1perJiej] Ho3HaTuX, OUTHUjUX TBphema 3a KapakTepu-
3aIjy HU3a OpToroHaaHnX nosnnoma (Buaern [11] unp.). Hasegena TBphema
KopucTuheMo W y TeOPHjCKUM H3BOhemNMa JATUM Yy HapeJHUM IIOIJIaBJHIMA
JIECcepTarmje.

Teopema 1.1.1 Hexa je L momenm-pynrkyuonesa u P, k € Ny, nus
noauroma. Tada cy caedeha mephera exsusarenmma:

1° nus Py, k € Ny, je nus noaunoma opmozonastur y odnocy Ha L;

2° L(7Py) = 0 3a cearu noaunom ™ cmenena | < k u L(mPy) # 0 sal = k;

3° ,C(ZL‘ZPJC) = Mkéllw 2de je Mk 7é O, = O, 1, .. .,k‘.

Teopema 1.1.2 Hexa je Py, k € Ny, Hus nosuroma opmo2oHasHux Y
odrnocy na Pynkyuoneay L. Tada ce cearxu noaunom w(x) cmenena n mogce

npedcmasumu Yy 00AuUKY
n

m(x) = Z cxPr(),

k=0
2de cy woedpuyujenmu c, damu ca
L‘(ﬂ'Pk)
L(PZ)’

Cp = k=0,1,...,n.

Teopema 1.1.3 Axo cy P u Qg, k € Ny, déa Huza nosuroma opmozoran-
Hux Yy 0dHocy wa ucmy dynkyuoneay L, mada nocmoje bpojesu ¢, # 0 maxo
da je

Qn(z) = ¢, Po(x), n € Ny.

Teopema 1.1.4 3a damu nus nosunoma P,, n € Ny, opmozonasnuz y
odnocy na pyrrxyuonesy L, 0dzo6apajyhit. OPMOHOPMUPAHU HU3 2AGCU

pu(z) = (L(P7(2))) " Pul@).

~1/2
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Y ommTeM cIydajy KBaJpaTHU KOPEHH KOjH Ce jaB/ha]y Yy MPeTXOTHOM
u3pasy He Mopajy 6uru peasinu 6pojesu. Mehyrum, y najsehem 6pojy npumepa
U3 npakce OpToroHajHuX mojuHoMa Baxku ynpaso L(PZ2(z)) > 0 u y Tom
cay4dajy pn(x) je jenmucrseno ojpehen yciosom ja je Bojehu koedurujeHt
MO3UTHBAH.

Hus nosimaOMa OPTOrOHAHEX Y OJHOCY HA ATy JUHEeAPHY (hyHKINOHETY Y
OTIIITEM CJIyUajy He Mopa ja noctoju. JIuneapue pyukmnuonese L Koje renepu-
Iy HA30BE OPTOTOHAJHUX MTOJIMHOMA Ce HA3WBA]y pery/apHe Win KBa3u-aedu-
uutHe (Buzeru [11, crp. 11], [46, ctp. 96], [16]). Perynapuoct dbynKmunonee
L je Beoma 6urHO nurawme. Hapeana tepherma jajy ogarosop.

Teopema 1.1.5 Hexa je L : P — C auneapna dynryuonesa. Os3nauumo
ca Ay, k € Ny, caedehe demepmunarme

mo my mo cee mi
my Mg m3 o Mg

Ap=1|Mm2 m3 My -+ My | ke N, (1.1)
mE Mey1r Meyo 00 Mok

2de cy my, k € Ny, momenmu gyrxyuonese L. Huz nosuroma Py opmozoran-
Hux Yy 0dnocy wa L nocmoju ako u camo ako je

AL#£0, k=0,1,2,....

Herepvmuante Ay, k € Ny, nazuBamo XeHKeJ0BIM® JIeTepMIHAHTAMA.
OBa Teopema, MaKO y IOTIYHOCTH peIllaBa €r3UCTEHIN]y HU3a OpPTOrOHAJI-
HUX TOJIMHOMA, Y IPAKCH je CKOPO HEeyHOTped/hUBa 33 FbUXOBO H3PadyHaBaIbe.
CaMo y HEKHMM CIeNHjaJHuM caydajeBuMa gerepMmunanTe Ay, k € Ny, Mozkemo
oppeauTi anaautnaku. Kao wiycrpanujy saBeaumo Ja y [41], koja ce 6aBu
AHAJTUTHIKAM W3DATIyHABAHEM BPEIHOCTH JeTePMHUHAHATA, 33 J€TEPMUHAHTE
XeHKeJIOBOI' TUIIA ayTOp CaBeTyje Jla ce Iperjeja Jureparypa O OpTOTOHAJ-
HUM TIOJJTMHOMHMA KaKO OU Ce eBeHTYAJTHO TPazKeHa JeTepMUHAHTA IIPero3Haa
Mebhy Beh n3pauynarum XeHKeT0BUM JTeTepMUHAHTaMa. Y TJIaBHOM, MOTYhHOCT
u3padyHaBama JerepMuHaHTe Ay y 3aTBOPEHOM O0JIMKY je HEOIXOJIHA 3a 1MOC-
TOjarbe aHAJTUTHIKUX Pe3y/ITara 3a oArosapajyhy Kjacy OpTOrOHATHUX TTOJIU-
Homa. OBJe MO TMOjMOM AHAJUTUIKO PEIerhe MOAPa3yMeBaMO pellierhe Koje
jecre aHAJIMTUYKO aJId TaKohe UMa U Pa3yMHY KOMILIEKCHOCT.

ITpumep 1.1.1 Kao wiycrpaliujy HaBOJAMMO HpUMEpP JuHeapHe (DyHKIU-
OHeJIe

L( dz, PeP.

b ' P(x)
P>_ﬁ/o V1—2a?

®Hermann Hankel (1839-1873), nemauxku mareMaTudap.
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Mowmentn gare dynkmuonene ¢y natu ca my = L'((k+1)/2)/(kT'(k/2)), k € Np.
Bpegnoctn npBuX HEKOJIMKO X€HKEJIOBUX J€TePMUHAHATA, CY

2_38 972 — 88
Y N e S N .
9 8T 1152 /7
A, _ 131072 - 3326472 + 202574
5 1658880072 '

Kako pej jerepMuHanTe pacre, u3pa3u MOCTajy CBe KOMILIMKOBaHuju. JIako
ce MOKe 3aKJ/byYHUTH Jla O QHAJUTUIKOM HU3Pa3y 3a BPETHOCTU XEHKEJIOBHX
JleTepMUHAHATA TEIIKO JIa U UMa CMUCJIAa TOBOPUTH jep OM TaKBU aHAJUTUUKH
n3pasu OUIU MPEBUIIE CJIOKEHH.

Hedbunanmnuja 1.1.3 Jluneapua dyukmmonena L : P — C je mosutuBHO-
nedbuHuTHA aKo 1 camo ako je L(P) > 0 3a cBaku noauHoM P Koju je HeHera-
TUBAH 3a CBAKO PEAJHO T U HHUje HACHTUIKH jeHAK HYJIN.

Cneneha TeopeMa Jaje KapakKTepu3alujy HO3UTHUBHO-IeUHUTHUX JIHTHE-
apHUX (DYHKIIHOHEA.

Teopema 1.1.6 Jluneapna dyrryuonena L je nozumuero-dedurnumma ako
u camo axo cy epednocmu Xewkenosuxr demepmunarnama N, k € Ny, nosu-
mueHe u Momernmu pynryuonese L peasru.

Teopema 1.1.7 Axo je auneapna dynrxyuonena L : P — C nosumusno-
dehurumma, onda HU3 OPMOOHANHUT PEGNHUL NOAUHOMA, Y CMUCAY dedhuru-
yuje 1.1.2, nocmoju.

Hajsaxkuuju cnydaj nuaeapue gynkmuonene L : P — C je smHeapna
dyHKIMOHETA KOja je AeduHuCcaHa npeko naTerpata. Heka je dy mepa, TakBa
Jla je cBakW MOJuHOM dp-mHTerpabuiaH, Taga je ca

Lp) = /Pdu, PeP, (12)

3a/1aTa JnHeapHa (pyHKIHOHE/1a KOja CANKA MOJTMHOME HA CKYH KOMILIEKCHHUX
opojeBa. Baxku u oopar.

Teopema 1.1.8 Hexka je my, k € Ny, npoussosar Hu3 KomniekcHur 6po-
jesa. Ownda nocmoju dynkyuja ¢ oepanuvene sapujayuje na R, maxsa da sasrcu

/x"dgb =my, k€N
R



1.1. ¥YBon

Axo je muneapna dyHKIMOHENA 3agaTa ca (1.2), oHJA je OHA MO3UTHBHO-
JebMHUTHA IO/ YCJIOBOM J1a je Mepa dji mo3uTuBHA.

Kox MHOrEX Mepa Koje ce jaB/bajy y HpuMeHaMa, JUCTPHOYIINja [ je allco-
ayTHO Henpekuana dynkumja. Taga ce dynknuja w(z) = p/'(z) 30Be TeKUH-
cka dyskmuja. Y ToM ciaydajy mepy dj MOYXKeMO TPeJICTaBUTH Y OOJHUKY
dp = w(r)dz, tae je w(z) Henerarusna QyHkmuja, Mepsbusa y JleGeropom®
cmucsy Ha R, 3a Kojy cBu momentu my, k € Ny, moctoje u mg > 0. YV Tom
cayuajy ymecro p, (-5 du), m, (5 du), an( -5 dp), uta. oumemo pegom p,( -5 w),
(-3 w), an( -3 w).

Tauka x( je Tauka pacta (GpyHKIHTje ¢ aKo U caMo aKo je 3a cBaKo € >
d(zo+e) — p(xg—e) > 0.

Nuave, cKynm Tavyaka pacTa ce joul Ha3uBa U HocadeM (yHKImje ¢ (Bugern [11,
crp. 51], [12]). Hocau dbyukuuje ¢, mepe fi, o3nadasamo ca supp(¢), supp(u),
peaom. Hocau mepe supp(w) je mATEpBaAT KOjU MOYKe OMTH KOHAYAH, TOJIYy-0ec-
KOoHavaH miu GeckoHavan. Axo je supp(w) = [a, b], rae je —o0 < a < b < 400,
Tajia KaykeMmo Jia je w TekuHcKa (yHKnuja Ha [a, b].

3a cBaky 3ajary JuHeapHy GyHKIuOHe Iy L MOKeMO JAeduHnucaTu ckagap-
HU TIpPOU3BOJI Ha P.

Hedunumuja 1.1.4 IIod L-ckaraprum npouseodom {-,-)s : P? — C no-
dpaszymesamo caedehu uspas

<P7Q>£:£<PQ>7 P7Q€P-

Y caydajy kajga je £ mo3utuBHO-AehUHATHA, OHIA je (-, ), MpaBH CKaJap-
uu npousBo Ha (P, R) jep on Bepudukyje cBe akCHoMe CKAJIAPHOT MTPOU3BOJIA
(Buzern [43, crp. 52], [66, ctp. 71], [53, ctp. 86]).

JeduHuImjoM cKaJapHOr TPpOU3Bo/ia Ha YHUTAPHUM mpocTopuma (P, Q) =

L(PQ), nobujamo upupoany excrensujy nosurusne-gedunuraocta ca (P, R)
ua (P,C).

Y aucepramuju Kopuctuhemo o3uake p,(-;w) u m,(-;w) pegoM 3a opro-
HOPMUDaAHE MOJIMHOME, OJHOCHO MOHMYHE OPTOroHaaHe nojuuome ua (a,b) y
onHoCy Ha TexuHCKY dyuxknujy w. Wurepsan (a,b) 30Be ce mATEPBAI OPTO-
rOHAJHOCTH.

SHenri Lebesgue (1875-1941), dbpamiyckn MaTeMaTHaap.
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1.1.1 Tpounana peKypeHTHa peJjaiuja

Tpounana peKypeHTHa pesalldja IpeJCTaB/ba jeJHOCTABHY U e(pHUKACHY
IPOIEYPY 3a PEeKypP3UBHO T'eHepHUCamhe HHU3a OPTOrOHAIHUX mojuHOMa. OHa
jé O CYIITHHCKE BayKHOCTU Y KOHCTPYKTUBHO] TEOPUjU OPTOTOHATHUX TIOJIH-
noma. Ilosia3zna je ocHoBa 3a u3BOheme 0ocoOMHA HU3a OPTONOHAJIHUX ITOJIH-
noma. [lomohy koedwunmjenara Tpouiane peKypeHTHe peJialiije jeJHOCTaBHO
o/ipehyjemo opToronasHe moJIMHOME, FbUXOBE M3BO/IE, JUHEapHe KoMOuHaImuje,
3axTeBajyhu Mmo3HaBame caMo JIMHEApHOr HHU3a mnapamerapa. OBa pesanpja
je KapaKTepHCTHKa TOJUHOMA Ha PEAaTHOj MPaBOj, /IOK Ce V ONIITeM CIydajy
cuUTyalmja KOMILJIUKY]e.

Teopema 1.1.9 Hexa je L : P — C peeyaapra suneapra dynryuonera u
nexa je T, k € Ny nus monuunux nosurnoma opmozonasnux y oduocy na L.
Tada nocmoje nusosu oy, B # 0, k € Ny, maxeu da easrcu

Tht1 = (T — o) — Bemi—1, Kk € N, (1.3)

um_1 = 0. Axo je pynxuyuonesa L nosdumuero-dedpurumma, onda je oy € R,
ke Ny, B >0, k€ N, a By mootce bumu npouzsosHo.

7

O6puyTto TBpheme oBe Teopeme je uysena Pasapiosa’ reopema (Bujeru

22], [11, crp. 21].)

Teopema 1.1.10 Hexa cy ap u P, k € Ny, dea npoussonsna xomnaexcra
HU3G U HEKA cY noaunomu T, k € Ny, dedpunucaru ca

Tht1 = (T — o) mp — Bemi—1, Kk € N,

2de je m_1 =0 u my = 1. Tada nocmoju jedurcmeena sumneapha GyHKUUOHENA
L P — C maxsa da sascu

ﬁ(]') = 607 ‘C(ﬂ-kﬂ-u) = 07 k 7& v, k: Ve NO-

Dynryuonesa L je peeyaapna u T, k € Ny, je odzosapajyhu nu3 monuuHux
OPMOLOHANHUT TOANUHOMA aKO U camo ako je B # 0, k € No. Illmasuwe,
L je nosumusno-depunummua u T, k € Ny, je odzosapajyhu nus monuunuz
OPMO2OHANHUT NOAUHOMA KO U camo axo je ap € R, k € Ny, u G, > 0,
k € Np.

"Jean Favard (1902-1965), dpaniyckn Matemarugap.
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Bepsuja @aBapaoBe TeopeMe y CIyUajy Kaja je auHeapHa dbyHKIHOHE A L
3a/1aTa MHTErPAJIOM TJIACH:

Teopema 1.1.11 Hexa je 3a npoussonsha 064 Hu3a KOMNAEKCHUL OPOjesa
ag u O, k € Ny, dedpurucarn nusz monuunux nosunoma 1w, k € Ny, nomohy

i1 = (@ — o), — Brmi—1, k€ Ny,

2de jemg =1 um_y = 0. Tada nocmoju pynkuyuja ¢ oepanuvene sapujayuje
na R, maxea da eascu

/ 7Tnﬂ-kd(b = (5nk Hﬁw ka nc NO-

R v=1

Qynryuja ¢ mooce bUMU Peasna ako u camo ako ¢y ag, B € R, k € Ny.
Dynryuja ¢ mootce bumu Heonadajyha ca HeozparudeHuMm bpojem Mawara pac-
ma axo u camo axo je oy, € R u B > 0, k € Ny.

Ha ckymy perynapuux dbyHKIIHOHETa OBa TBphema cy ekBuBajaeHTHa. Ha-
Jlasbe hemo ce y jucepranyju 6aBUTH UCKJbY YMBO peryjapHuM (PyHKIUOHEIAMA.

Besy u3mehy nmza momenara my, k € Ny, u koedunujenara oy u Ok, k €
Ny rtpouwnane penamuje (1.3), 3a perynapuy dyukmuoneny L, naje caemeha
reopema (Bugeru [11, crp. 19]).

/!
n’

Teopema 1.1.12 Osnauumo ca A, n € Ny, demepmurarme

mo My o Mp—1 Mp4
my ) s my Mp+2
Al =|mz2 m3 o Mppr Mags | p e N, (1.4)
my Mp+1 - Mop—1 Map+1
Vroauro je A\, # 0, n € Ny, onda sasicu
) )
/ /
_ An Anfl _ AnAn—Q N 1.5
an_A _A ) 671_ A2 , n & Ny, ()
n n—1 n—1

edeje A" | =0, A1 =A_o=1,aA,, neNy, cy Xenxearose demepmunarme
dame uspazom (1.1).

Herepmunanre Al n € Ny, Hasuamo moaudukoBaHnM XeHKEJTOBUM Jie-

TEepMHHAHTAMA. OHE NPEJICTAaB/bajy MUHOD eleMeHTa Ha mnosunuju (n + 1,n)
XeHkes0Be geTepMuHanTe A, 1.

Y HacTaBKYy HaBOJAMMO U HEKe jeIHOCTaBHEe 0cOOMHe Koedulinjenara Tpotia-
He pekypenTHe pesanuje ([15, ctp. 10-11]).

8
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Teopema 1.1.13 1° Ak0 Hu3 MOHUMHUT OPMOL2OHANHUL NONUHOMG 3000~
6omasa ycaoe m,(z) = (—1)"m,(=%), n € Ny, onda je Re(ay) = Im(fFx) = 0.

2° Axo je pezynrapna aumneapra dynryuonesa L, ca HUSOM MOHUMHUL Op-
MO2OHANHUL NOAUHOMG Ty, N € Ny, 3adama na caedehu navun

L(P) = / P(z)w(z)dz, PeP, aeR",
npu wemy eastcu w(x) = w(—x), x € R, onda je m,(2) = (—=1)"m,(=2), n € Np.

3° Axo je peeysapma auneapna pynrkyuonesa L, ca HUSOM MOHUNHUL Op-
MO20HANHUL NOAUHOMG T, N € Ng, 3adama wa caedehu navun

o) :/ P(x)w(z)dz, PeP, aeR*
npu wemy easicu w(r) = —w(—x), v € R, onda je m,(2) = (=1)""71,(=2),
n c No.

Koedunujentn penamuje (1.3), ap u By, jaBmbajy ce y Jakobujesom® Be-

PUZKHOM Pa3JOMKY IOBe3aHOM ca MepoM dj

Fo) - [0 b

2—T  Z—opg— 27— Qp— ’

koju je nosnar kao CruiarjecoBa Tpancdopmanuja mepe du. 3a n-Tu KOHBEpP-
I'€HT OBOI' BEpU2KHOI' Pa3JIOMKa BazKHU

Bo S Br-1 . Un(Z) 16

.. — , ( . )

Z—opg— 2 — 0y — .z—ozn_l n(2)

rjie Cy 0, TaKO3BaHU HPUJIPYKEHH [HOJUHOMHU JIe(DUHUCAHU Ca,

ak(z):/RMdu(x), k> 0.

Z—X

[Tpuapy KeHn TOJIMHOME 3a0B0JbaBajy UCTY TPOUJIAHY PEKYPEHTHY peJia-
nujy Kao u nojaunomu 7 (x). Haume, BaxKn

ok+1(2) = (2 — ag)og(z) — Brok-1(2), k>0,

y3 noueTHe BpeaHoctu oo(z) =0, 0_1(z) = —1.

8Carl Gustav Jacob Jacobi (1804-1851), nemauxku mMaremaTudap.



1.1. ¥YBon

QyHKIIja IpyTre BpCTe

ok(2) = /R Mdu(yc), k>0,

Z—XT

IIpU YeMy z He Ipuiiaja Hocady mepe du, Takohe 3a/10BoJbaBa UCTY TPOUJIAHY
pekypenTny penanujy (1.3) u npejcraB/ba BEHO MUHUMAJIHO PEIIEHhe, HOPMar-
JH30BaHo ca o_1(2) = 1.

Panunonanua dbyuknuja (1.6) mva mpocre moJjose y Hyjgama z = t,(cn), k=
1,...,n, nomunoma m,(x). Ako ca A, o3HadEMO oxromapajyhe pesmmyyme
dbyukumje 0,(z)/m,(2) y oBuM mosioBuMa, Tj.

N — lim (2 — g)2nt2) 1 /R ) G, (1)

z—>t§€n> 7T71<Z) W;l(tl(gn)) xr — tl(cn

Tajia 3a BepH:KHU pasaomak (1.6) Baxku passoj

on(2) Ak
m(z) >

—1 % —

Opronopmupanu mnoJunomu pi, k € Ny, 3a/10Bo/baBajy HEIITO APYyradujy
pekypeHTHY penaiujy y onnocy Ha (1.3) (Bumeru [46, ctp. 101]), mpe cBera jep
UM je y ommiteM caydajy Bogehu koedunujent pazamaut on 1. 3a mUX BayKn

pi(2) = v/ Brg1 Prgr () + awpr(x) + / Be i1 (x), k€ Ny, (1.8)

rae je p_i(z) = 0, po(x) = 1/v/By. Koedunujenrn tpodsane pekypeHTHe
pestamje (1.8) ocnoBa cy teopuje JakobujeBux omeparopa (Bumeru oje/bak
1.1.2). O oBoj dopmyan u menoj npuvenn Gulie Buille pednm y HapeTHOM
OJIEJBKY .

Jenna o BaxkHMX nocseauna Tpouaane pekypenrue peaanuje (1.8) je Kpu-
croden’-Jlapbyosal® dbopmymra nara y caemehem TBphemy.

Teopema 1.1.14 Hexa je pi, k € Ny, Hus opmoHopmuparus nosuHoma y
oorocy na mepy dp. Tada je

> pel)pit) = /By L O 2allens(@) g g

9Elwin Bruno Christoffel (1829-1900), nemauku MaTeMaTHdIap.
10Jean Gaston Darboux (1842-1917), dbpaHiryckn MaTeMaTHdap.

10
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Vanmajyhu rpannuny Bpegnoct kaga t — x'y (1.9) mobujamo
> k(@) = VBt (Ul (2)pa() = Py (@)pnsa (@) - (1.10)
k=0

OyHKIHTja
() = Ap(z;dp) = Zpk (1.11)

3oBe ce Kpucrodesosa dynkiyja.
1.1.2 HyJse opTOroHaJTHUX TMOJMHOMA

[Tonarmame HyJIa OPTOrOHAJIHUX TOJUHOMA 3a0KYIL/ba TaXKby jorrr o1 1886.
rofmHe, ca IPBAM pagoBuMa 3 obaactn Mapkosall n Cruarjeca. Pasziosu un-
TepecoBarba JieyKe Y BEJTUKOM 3HAYajy HyJIa OPTOTOHAJTHUX MOJMHOMA 33 MPaK-
THunRy npuMeny. IlozHaTa je nnTepmpeTanuja myia Jaxoobujesnx, Jlarepopux!?
i Epvuroux'® nosmnoma y esexrpocraruiy. V3yserHy yjiory uMmajy Kao
ugoposnu Laycosux'* kpaaparyprux dopmyna. Kipyuny yiaory urpajy y jaoka-
3UMa HEKWX KJIACHYHUX HejeTHAKOCTU. 3aXBaJbyjyhu lbuMa pa3BUjeHe Cy MHOTe
Mohne aHanuTHUKe n aucKperHe Texumke. Cromemyhemo camo ILTypmosy!®
TeopeMy nopebhera 3a HyJ1e peremba TudepeHnujaTnux jeTHAYnHA IPYTOT PeJia,
MapkoBy Teopemy O MOHOTOHOCTH HYJIa OPTOTOHAJIHUX IIOJIMHOMA y 3aBHC-
HOCTHU OJ1 TpupoJjie Texkuucke pynknuje. M3 cBux Tux pasjiora OUTHO je 1m03-
HABATH TEOMETPHU]Y HYyJa OPTOTOHAJTHUX TOJMHOMA U FHhUXOBE EKCILIMIUTHE
u3pase, Kaja je To moryhe.

Hyne oproronannx mognnomMa mo3uTUBHO-IePUHUTHUX (PYHKIIMOHE 1A, TT0-

Ka3yjy HeKa BeoMa MpAaBH/IHA CBOjCTBA, UCKA3aHA y HapeJHUM TBphemuma
(Bumern [11], [46]).

[Tpernocrasumo ga je supp(du) orpanuuen n obenexumo ca Co(supp(du))
HajMarb¥ 3aTBOPEH WHTEPBaJ Koju caapzxku supp(du).

Teopema 1.1.15 Cse nyae noaunoma P,(z) = P,(x;du), n € N, cy pe-
aare u pasaunume u aexce y yrympawrsocmu unmepsana Co(supp(du)).

Y Anapeit Anapeesna Mapxkos (1856-1922), pyckn matemarnyap.
12Edmond Nicolas Laguerre (1834-1886), dbpaniyckn MaTeMaTnIap.
13Charles Hermite (1822-1901), dpanmyckn matemaTadap.

1 Carl Friedrich Gauss (1777-1855), HeMauku MareMaTadap.

15 Jacques Charles Francois Sturm (1803-1855), mBajuapcku MaTemMaTudap.
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1.1. ¥YBon

Teopema 1.1.16 Hexa cy tén), k=1,...,n, nyse nosurnoma P,(z;dp) y
pacmyhem nopemxy, mj. t§"> < tén) < e < t,(zn). Hyane noauroma P, u P,y

ce mehycobro paszisajajy, mj. GaHCU:

(n)

1 < <Y k=1,...n, neN

Caeneha reopema mozke ce mahu y [71].

Teopema 1.1.17 Hexa je damo 2n + 1 npoussomnux peasnur bpojesa t,gn)

u t"™ maro da je a < I <t <"V < b, k=1,...,n. Tada nocmoju
Hu3 MonuwHUT nosunoma Tr(x), st(my) =k, k € Ny, opmozonarnuz na [a,b]

manua da. je mu(v) = [Ty (@ = 1) u mnpa(2) = [ (2 = 177).

Kao mrTo je Beh HAIIOMEHYTO ¥ HPETXOIHOM O/Ie/bKY, OPTOHOPMUDAHU TOJIU-
HOMH Pi, k € Ny, 3a710B0/baBajy peKypeHTHY peJialujy

Pk () = / Brt1 Per1(x) + appr(x) + /B pr—1(z), k€ Ny,

rae je p_1(z) = 0, po(z) = 1/v/Bo. Ysumajyhu k = 0,1,...,n — 1, upeko
creneher cucrema jemHaunHa yCIOCTaB/ba Ce Be3a CHEKTPAJIHE TEOPHje U HYJIA
OPTOTOHAJHUX IIOJTMHOMA:

2P, () = Jo(dp)Pn() + /B pr(2)en, (1.12)

rjie cy
a VB 0 o 0] [ po(z) | [0 ]
VB a1 VB o 0 pi(2) 0
Joduy=| 0 VB a0 | pa)=| p(2) | e, =0
00 0 | poilo) 1

Tpoaujaronanna marpuna J, = J,(dp) nasusa ce JakobujeBa marpuna.

Monuunn nosmuOMu 7, () UMajy UpeAcTaB/baibe Npeko JakoOujese ma-
Tpuiie y obJInKy
mo(z) = det(zl, — J,),

rae je [, jeuHUYIHA MaTpHUIA Pea 1.

Teopema 1.1.18 Huyae t,g"), k = 1,...,n, noauroma p,(x;du) cy con-
cmeene spedrocmu mpodujazonasne Jaxobujese mampuue J,(dp) peda n.
Qdzosapajyhu concmeenu 6exmMopu 2aace pn(tlgn)), k=1,...,n.

12



3.1. Yebuirep/beBy NOJIMHOMU

OBOM TeopeMOM je UCTIUTUBAILE CIIEKTPATHUX CBOjCTaBa JAKOOMjeBUX OIIe-
paropa cBejieHO Ha yTBphuBame ocobmna mepe di HA OCHOBY TPOUIaHE PEKY-
peHTHE peJaluje.

Bpeaunoctu Kpucrodenose dyukmuje (1.11) y uyaama t,(:’), k=1,...,n,
oproronasuor nojuuaoma P, (x;du), tj. 6pojesu

30By ce Kpucrodenosu 6pojesu min Koyre!S-Kpucroderosn xoedunujentn u
nMajy BeJINKU 3HAa4aj y HyMepU4IKOj HHTErpaIuju.

1.2 YeOumen/beBU IOJINMHOMU

Bynyhu na ce Benmuku jeo oBe jaucepTanuje OaBU H3ydaBambeM MOJTHHOMA
OPTOTOHATHAX Yy oHOCY Ha MoandukoBane Yebumesmese!” Mepe, y moceGHOM
[OIJIaB/by HABOJAMMO HajBarkHuje ocodbmHe HebuineB/beBUX MMOJIMHOMA.

Yebuies/beBr MOJIUHOMH TIPBe U Jipyre Bpcete ce 3a || < 1 pegom gedu-
HUIITY Ha caeaehn HAYUH

sin((n + 1) arccos )
T.(z) = cos(narccosx) u U,(x)= , 1.14
(5) = cos(nanceosa) w Uy (a) = LS (114
npu demy je To(x) = 1, Ti(x) = v nu Up(z) = 1, Uy(z) = 2x. Oxrosapajyhe
TeKHHE [JIace

1 V/ 2
w(x):\/l?x2 n w(r)=v1—-22 |z|] <1

Kopucrehn naenrurer
cos(n + 1) + cos(n — 1)0 = 2 cos @ cosnb

3a x = cos 0, 3akspydayjemo na nosunomu 1, u U, 3a710BO/baBajy UCTY TPOUIAHY
PEKYPEHTHY peJIaliujy

P,i1(x) =2xP,(x) — P,_1(z), né€N, (1.15)

16Roger Cotes (1682-1716), GpuTaHCKH MaTeMaTHIap.
'Tadbmytuit JIbpopna Yebpmmés (1821-1894), pyckn MaTeMaTHIap.

13



3.1. Yebuirep/beBy NOJIMHOMU

3a paziauuure noverre yciaose. Kopunihiemem (1.15), y3 moderne yciaose
To(x)=1 u Ti(x)=2 wum Uy(z)=1 u Ui(x)= 2z,

nobujamo nuzose noaunoma {715, (2) neny 1 {Un(2) }nen,. dahemo npumepa
paJii eKCIIMIUTHE u3pasze JeOunieB/beBUX MOJUHOMA IIPBE U JPyre BPCTE 3a
n=20,1,...,6:

T0($) = 1, U0($) = 1,

Ty(z) =z, Uy(z) = 2z,

Ty(x) =222 — 1, Ui(z) = 42% — 1,

Ty(x) = 423 — 3, Us(z) = 823 — 4x,

Ty(z) = 8z* — 822 + 1, Uy(z) = 162* — 1222 + 1,

Ts(x) = 1625 — 202° + 5, Us(z) = 322° — 3223 + 6z,

To(z) = 3225 — 482% + 1822 — 1, Us(x) = 6425 — 802" + 2422 — 1.

10

— — 10
05

— n=l

— n=2

00

— n=3
05| 1 —

— n=5

—l.OEA““““‘“““““‘

-10 -05 00 05 10

Cmuka 1.1: Tpadunu dyuknuja y = T, (x) 3an=0,1,2,3,4,5u -1 <z <1

[Tosuaru cy u OMHIITH eKCIVIMIUTHA U3pa3u JeOuieB/beBUX 1MOJIMHOMA IIPBE
u jpyre Bpcre. OHE peoM riace




3.1. Yebuirep/beBy NOJIMHOMU

— n=0

— n=1

n=2

— n=3

— n=4

— n=5

-10 -05 0.0 05 10

Crnnka 1.2: I'padumu dyskumja vy = Up(z) 3an=0,1,2,3,4,5n -1 <z <1

OnroBapajyhu opTOHOPMHUPAHH CUCTEMHU PEJIOM CY

Yebumes/besu moauHoMu npse Bpere T, (z) ¢y narn Ha caunu 1.1, 10K cy Ha
cauty 1.2 npukaszanu Yebuies/beBu nojunomu japyre spere 3an = 0,1,...,5.

OcobuHe OCHOBHHUX TPUTOHOMETPHUjCKUX (DYHKIHMja KojuMa ¢y nedUHUCAHT
Yebumesspesux noaunomu (1.14) ycnospaBajy gabe muxose ocobune. Tako
NMaMO:

o T,(x)]<1lzacBakon € Nou —1 <z <1.

Un(z)| <n+1 u |V1—22U,(z)| <13acsako —1 <z < 1.
ITol = va, |ITull=+/7/2, neN.

Ul = /7/2, n€N,.

[Mapuocr dyuxknuja T, (z) u U,(x) ogroBapa napHocTu crenena mn.

Excrmuiuran u3pas 3a myse noiaunoma T, (z) riacu

(2k — D)

tr = t,(C") = COs o

(k=1,...,n).
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3.1. Yebuirep/beBy NOJIMHOMU

e YebuiessbeBu nouHoMu mpBe Bpere T),(x) 3am0BosbaBajy audepeHim-
JaJIHy jeTHaYuHYy
(1 —2%)y" — zy +ny = 0.

JIpyro mapTHKyJAapHO pellieme oBe jeaHadune S,(r) = sin(narccosz)
(=1 < z < 1) moxe sa ce uspasu npeko 1eGunIeB/beBUX HOJIUHOMA

apyre Bpere. Hanwme, Baxn Sy, (z) = U,_1(x)V1 — 22

e OjroBapajyha gudepennujatna jegHadnia 3a YeOuIneB/beBe MOJTHHOME
npyre Bpcre U, () riacu

(1 —2%)y" — 32y’ +n(n+2)y = 0.

Y sureparypu MOke ce Hahu MHOIITBO JIDYTHX peJiallija Koje OB IOJIu-
HOMU 33/10BOJbaBajy, Kao Ha IPUMep:

Un(e) = T () = 15 (T (0) = Tuga(a),

n+1 "
To(x) = Uy(z) — 2U,-1(2) = 2U,—1(z) — Up—a(x),
(o) = 5 Uneal@) = Via(o))
Un(2) = 37— ((n + DUn-1 () — nalUn(z)).

Taxkobe, 3a 2 < k < n Baxkn
To(x) = Ti(x)Up—g(z) — Tho1(2)Up—g—1().
Heke unTepecanTHe BpeIHOCTH CY:
To(£1) = (£1)", T5,(0) = (1), T2,41(0) =0,

n?(n*—=1)---(n* = (k= 1)%)
(2k — DI '

T/ (£1) = (£1)mn2, T (1) =

Yebures/beBr TOJUHOME TIPBE W JIPyT'e BPCTe IMPHUIAIA]y OIIITH]O] KJIACH

[erenbayeposux'® mosmmoMa.

YeburmenpeBu mouHoMu Tpehe n yeTBpre BpcTe cy aeduHUCAHT Ca

cos(n + 1)6

1
CoS 29

sin(n + )6

1
sm29

Via(cosf) = u Wp,(cosf) =

a YeOwuresspbeBe Mepe Tpehe n 4eTBpTe BPCTe IJiace

dp(z) = (1 —2) 21 +2)Y2dz n du(z) = (1 —2)Y2(1 4+ 2)"Y2dz

BKarl Gegenbauer (1826-1903), nemauku MaTeMaTHiap.
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1.3. ExcTrpeMasHa CBOjCTBA OPTOTOHAJIHUX HMOJHHOMA

ma (—1,1) pemom.

Csu Yebumen/beBu Kao u l'erenbayepoBu MOJMHOMHU jecy TOTKJIaca TeHe-
payHuje Kjaace — JakoOUjeBUX MOJTUHOMA.

1.3 ExcrpemajiHa CBOjCTBA OPTOTOHAJIHUX
IOJINMHOMA

OpToroHaHu TOJHHOMH C€ MOTY JeDUHUCATH U TTPEKO eKCTPEMATHUX PO~
6siema. Haume, moHumunu oproroHasinu nojuuom 7, ( -;du) uma ciegehe ex-
CTPEMAJIHO CBOjCTBO.

Teopema 1.3.1 3a ceaku MoHUMHU NOAUHOM D € 7/5n 6asicu
[ peran) > [ matesdtana),
R R

npu wemy jedHarocm BaHCU KO U CAMO GKO je P = Tp,.

13 oBe Teopeme cleau Jaa je MOJUHOM 7, (-;du) jeJIMHCTBEHN MOHUYHU
10/ IMHOM Koju Munumusupa L2 (du) nopmy, Tj.

min/Rp(x)Qd,u(x) :/Wn(x;du)Qdu(x). (1.16)

Excrpemanno csojcrso (1.16) mozke ce npommpuru ma L' (dp) mopmy 3a
cBako r > 1.

Teopema 1.3.2 Heka je 1 < r < +o0. Tada nocmoju jeduncmeeru MoHU-
YHU NOAUHOM T, € P, mako da sastcu

i [ p(o)dutz) = [ (@) duta). (1.17)

peb,

Bazxkan crnenujaian ciydaj nperxojgHe Teopeme je 1 = 2s 4+ 2, s € Ny. Ex-
cTpeMasiHi MOHHYHH mouHOM 7 (x) v (1.17) o3Haunmmo ca 7, s(x). AKO moc-
MaTpaMo MHTerpas ca Jese crpate jeanakocru (1.17) kao dynkuujy koedu-
unjenara F(ag,ay,...,a,_1) nommnoma p(x) = 2" + a,_ 12" 1 + -+ + a1 + ao,
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1.4. MeToau KOHCTPYKIIF]E OPTOTOHAJHUX TTOJTUHOMA

Taja mapiujaand u3Boan pyuknuje F mo ag, k =0,1,...,n — 1, mopajy outn
jennaku Hysm. OpaBie 100mjamo

/ Wn,s(x)23+1xyd,u($) = 0, V= 0, 1, e, — 1.
R

Jakite, (25 + 1)-Bu cTenen HOJIMHOMA Ty, () MOpa OUTH OPTOTOHAJIAH Ca CBUM
MOJIMHOMHMA HUJKer cTernena y ognocy na mepy du. Ilomunom 7, ¢(x) 30Be ce
$-OPTOTOHAJIAH IOJMHOM y OJHOCY HA Mepy di.

Kana je s = 0, s-opTorona/jinu moJMHOMH Ce CBOJIE Ha CTaHJap/He OPTOTO-
HaJIHe IOTHHOME, Dy o = Dp.

Ba mare n m s, crapmajyhu du™(z) = (pns(x))*du(z), Murosanosnh
(Buzeru [48]) je peuHTEpIpPETHPAO OBE YCIOBE OPTOTOHATIHOCTH 38 CTAHIAD/IHE
OPTOTOHAJIHE TMOJTHHOME Kao

/pZ’S(x)xkdu”’s(x) =0, k=0,1,...,n—1,
R

rge je p°, k € Ny, HU3 MOHHYHUX OPTOTOHAIHUX [OJMHOMA Y OJHOCY Ha
HoBy Mepy du™*(x) = (pns(x))**du(x). [pumernmo na je p,s(x) = ps(x).
Kao mro mMoxkemo ga Bumumo, nomusomu p,°, k = 0,1,..., ¢y UMIUIHIATHO
nedunucann, jep nHopa mepa du™*(x) 3aBucu o p, ().

Ha ocnoBy mperxomHor, ma OHCMO HAIIIH S-OPTOTOHATHE IOTHHOME Dy, s,
n = 0,1,..., N, norpebno je KOHCTpyucaTu cranjapine mosunome p,°(x),
k < n (oproronamue y ognocy na mepy du™*(z) = (p,.s(z))**du(z)) 3a cBako
n < N u ma yamemo p, s = pp°, n=0,1,..., N.

Hamomenumo jour u To 1a je Bepumraju'® 1930. roaune mokasao jga MOHH-
qnn YeburreBsbeB moauHom 1, () MUHUMHI3UpPA CBe WHTerpaje 00JUKa

/lwdx (k>0)
1 V1 —22 -7

1Jie je T, IPOM3BO/bAH MOHUYHU LOJMHOM CTeneHa n. To 3Ha4M j1a Cy MOHUYHU
Yebunierspesu nosmuomu 1, s-oproronannu ua [—1, 1] 3a ceako s > 0.

1.4 Meroau KOHCTPYKIIHje
OPTOTrOHAJJIHUX TTOJIMHOMA

Koedunujentn tpodunane peKypeHTHE pesallije MO3HATH Cy eKCILTUIHUTHO
CaMo 3a YCKY KJIaCy OPTOIOHAJIHUX IIOJIMHOMA, Kao HITO cy JakoOujesu, rexe-

Felix Bernstein (1878-1956), nemaduxkyu MareMaTudap jeBPEjCKOr HOPEKIa.
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1.4. MeToau KOHCTPYKIIF]E OPTOTOHAJHUX TTOJTUHOMA

panucanu Jlareposu m EpmutoBu nmosmHOoMHu. To cy TaKo3BaHW KTACHIHU OP-
TOrOHAJIHK HOJHHOME. OPTOrOHAJIHYU MOJIUHOMH 4drje KoepUInjeHTe TPOIIaHe
PEKypeHTHe peJsalfje He MO03HajeMO 30BYy Ce CTPOro HEKJACHUIHHW TTOJTHHOMM.
[lo3naBame peKypeHTHUX KoedulinjeHara je HeOlmX0/IHO 38 PAIYHCKY IIPUMEHY
OPTOTOHAJTHUX MOJUHOMA. KOHCTPYKTHBHA TeOpHja OPTOTOHAJTHUX MOJTHHOMA
GaBu ce caepehinm npobaemom: 3a gary mepy du(x) m gatu mpupogan 6poj
n oapeaurun upsux n koedunujenara oy (du(x)) n Fr(du(x)) y rpounanoj
PEKYPEHTHO] peJsialuju.

Y oBoMm ojiesbKy OaBHheMO ce padyHCKHUM MeTO/[aMa 3a I'€HEPUCAHE Op-
TOT'OHAJITHUX ITIOJIMHOMA. q)OKyC je mpe CBera Ha HEKJIAaCHYHUM TEe2KUMHCKUM
dbyukumjama. Y 3aBucuoctu oj undopmalmja Koje cy jgocrynne o mepu du(x)
pPa3BUjeHU Cy Pa3/JUIUTH aJTOPUTMH KOHCTPYKIUje Helo3HATUX Koedummje-
HaTa TpoUJIaHe PeKYpPeHTHe pesaluje. Y KOJIUKO je Mepa Mo3HaTa jeIMHO TTPEKo
MOMeHaTa, mporejaypa usbopa je HedumiessbeB ajaropuram. Y ciydajy amco-
JIYTHO HEIpPEeKHuJiHe Mepe U I03HaTe TeKUHCKe (PYHKIHUje, Iperopy4yje ce
CruirjecoBa npomneaypa.

BazkaHn JONPUHOC MCTpazKuBambuMa u3 ose obsiactu jao je Layuu? ([24],

[25]).
1.4.1 YebOumieB/beB aJropuTam

YeburmenB/beB aIropuTaM yCrmocTaBba Be3y mamehy momenara my, k € Ny,
u KoeduigjeHaTa TpoduiaHe peKypeHTHe penanuje. OBaj aaropuram ce MOzKe
nckasatu Ha ciaegehn maunn. Heka je mara Tpoyraona MaTpuiia 4uju cy ese-
MEHTH

Oki = / Py(x)z'dp(z), k,i €Ny, k<i,
R

rie je P,(x) n-Tu wian HA3a OPTOrOHANHUX HOJMHOMA. Tasa je

my = 0gk-

Ha ocuoBy Tpodunane peKypeHTHe peJalnje BazKu

Okl = Okjit1 — OkOki — BuOk—1,, (1.18)

20Walter Gautschi (1927 ), amepuuxu maremarugap poben y IIIBajuapckoj.
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1.4. MeToau KOHCTPYKIIF]E OPTOTOHAJHUX TTOJTUHOMA

npu deMy je o_;,; = 0. 3a ogpehuBame Koedbunujenata TpowIaHe peKypeHTHe
peJiaiuje KOPUCTUMO jeTHAKOCTH

00,1
ag=——, [o= 00,0,
00,0
Ok k+1 Ok—1k
Qp = - ) (1.19)
Ok,k Ok—1,k—1
Ok,k
By =—"_ kel
Ok—1,k—1

Jennaunue (1.18) u (1.19) aedunnmy Yebumensbes anropuram. [Tomohy
OBOT' aJiropuTMa Moryhe je jeJlHOCTaBHO OJpeJIUTH TPBHUX N Koeduimjenara
TpouJIaHe PEKYyPeHTHE peJallije ako je MO3HATO MPBUX 21 MOMeHaTa. JejauHu
HeJlocTaTak YeOuIeB/heBOr AJITOPUTMA je FeroBa caada YCI0BBEHOCT. ¥ OBOM
CIy4Yajy J0JIa3u J0 Ofy3uMama Oauckux OpojeBa, ma y apuTMETHIN KOHAYHE
MaHTHCE J10J1a31 JI0 I'yOuTKa 3Ha4dajHux mudapa.

YBohemem moroaunx Moau@UKOBAHUX MOMeHaTta, Moryhe je mobutu 60Jby
HyMepH4iKy crabuiaHoct. OBaj ajropuraMm IO3HAT je y JUTepaTypH Kao MOJIH-
duroBan Yebumensben asropuraM. OH 3aXTeBa MO3HABAILE jOII jeTHOT HU3A
OPTOTOHATHUX HOJUHOMA U IbIXOBE TPOUIaHe peKypeHTHe pesnanuje. Tama, Ha
ocHOBY cJjejiehux Bejimanna,

Jkyi:/RPk(m)Wi(x)xidu(x),

rae je W; HU3 MOHUYHUX OPTOTOHATHUX TTOJTHHOMA, KO 33,10BO/haBajy TPOt.Ia-
HY PEKYPEHTHY peJsalujy

Wk+1<£€) = (.’L’ — ak)Wk(x) — kak,1($), ke No,

npu yemy je W_q(z) = 0, Wo(x) = 1, a koedunujearu ar u by Cy HO3HATH.
Henosnare koedutujente Tpousiane pekKypenre pesaruje oapehyjemo u3

Oki = Ok—1,+1 — (Oék—1 - ai)Uk—Lz‘ - Bk—lo'k—Zi + bio'k—l,i—l,

Ok k+1 Ok—1k
Q. = ag + — y 1.20
Ok.k Ok—1,k—1 ( . )
Ok
ﬁk - )
Ok—1,k—1

rie je o_1; = 0wm 0g; = [3 Wi(x)du(x).

MojiucdpukoBanu Hebuinies/beB ajaropuraM KOPUCTH JIOJQTHU HU3 OPTOIO-
HAJIHUX TIOJIMHOMA Ca TO3HATUM KOehuIimjeHTuMa TPOUJIaHe PEeKYpPEeHTHE pe-
nanmje. Y pazy [25] nokaszano je ga ce nomohy momndukoBanor Heburenipe-
BOT' aJTOPUTMa MOTY U3BPIIUTH KOHCTPYKIIHje Koje mMajy 00Jby HYMepHUKY
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1.4. MeToau KOHCTPYKIIF]E OPTOTOHAJHUX TTOJTUHOMA

cTaOUTHOCT OJT pe3y/ITaTa KOju ce J00Hjajy TpUMeHOM OpUTHHATHOT Uebures-
JbeBOr ajiropur™Ma. Takobhe, moryhe je qucKyToBaTu 3a pa3He HU30BE MO3HATOI
HW3a OPTOTOHAJHKUX MOJUHOMA, CTAOUIHOCT ajropuTMa. [Ipumernmo jorr ga ce
y cayqajy Wi(z) = 2%, Kk =0,1,...,2n — 1, 1j. a = b, = 0, Mmomudukopann
Yebures/beB aaropuTaM CBOJM HAa OCHOBHH ajropuram jgeduHUCAH moMmohy
(1.18) u (1.19).

1.4.2 CruarjecoBa mmporeaypa

Heka je P, k € Ny, MOHUYaH HU3 OPTOrOHAJHUX TOJUHOMA Y OJHOCY HA
Mmepy du. 113 Tpousiane pekypeHTHe pesanuje kopucrehn cBojcrBa opToronas-
HOCTH J00mjajy ce ciaenehe dopmyie

L {C)
Jr PR()dn(z)

ﬁoz/Rdu(x), (1.21)

R PB@du)
Ja P (0)du(e)

k € Ny,

Br k € N.

[Tomazehu ox Py = 1, moxkemo koHcTpyucatu kKoedunujenre ag u .
@opmMupaMo MTEPATUBHU MOCTYNAK KOjUM Ha OCHOBY JI00OMjeHUX Koeduimje-
HaTa TPOUJIAHe pesialyje HajiIpe OJIpeJ MO HapeTHU 4JIaH HU3a OPTOrOHATHHUX
nosimaOoMa Py, a 3aTuM Ha ocHOBY penarmja (1.21) oxpebhyjemo u HoBe Koedu-
mujente oy U Ok. [Iponeaypy HacTaB/bhaMo 10 KOHCTPYKIHje IPBUX 7 KOedu-
[UjeHara, OJHOCHO 9/IAHOBA, HU3a OPTOTOHAJHUX HOJUHOMA.

Hagpejenu nmocrynak anrepHatuBie mpumene dgopmyra (1.21) u Tpouwrnane
pekypeHTHe pesanmje Kojy noaumnomu Py, k € Ny, 3amoBo/baBajy HasuBa ce
CruarjecoBa npomneaypa.

OunpehuBame BpegHOCTH MHTErpaja Koju ce mojasibyjy v (1.21) moryhe je
M3BPITUTH HYMEPUYKH, Tj. NPHMEHOM Heke KBajparypue dopmyie (Buaern
noryiaB/be KBajparypae dbopmysie). Kako kBaaparypue dopmyre 3a mepy du
HUCY JIOCTYIIHe 300T Hello3HaBama KoeduIHjeHaTa TpouIaHe pesaluje, Haj-
verrhe ce KOPUCTU HEKa JIpyra KBaJIpaTypHa (hopMyIa 3a Mepy Koja je CIuIHa
mMepu dp. Y TOM Cjydajy HABEIEHU IOCTYHAK Ce HA3WBA JUCKPETU30BAHA
CruntjecoBa mporneaypa. OBakaB MOCTyMaK MOKa3yje 100pe KapaKTepuCcTuKe
YCJIOB/BEHOCTH U UMa MPETHOCT HaJl ebuieB/peBUM aJrOPHTMOM.
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1.4. MeToau KOHCTPYKIIF]E OPTOTOHAJHUX TTOJTUHOMA

Pa3Boj cumbGomumukor padyHa W apUTMeTHKe IPOMEH/bUBE MPENU3HOCTH

omoryhujin cy renepucame koeduiujenara Tpodiane pekypsuje JeOuiesibe-
BoM mjan CTHITjeCOBOM TPOIEypoM. Y HACTABKY HABOAWMO HEKe WHTEpe-
CaHTHEe HEeKJIACHYHE Mepe 3a Koje Cy y JUTepaTypH JI0OUjeHr PeKypP3UBHH KO-
edbunujenrn [51].

10.

. Kpucrodenon npuvep w(z) = [(1 — k22?)(1 — 22)]7Y2, 0 < k < 1,

ze|[-1,1];

. Jlorapuramcka rexnua w(x) = z*In(l/z), a > —1, x € (0,1);

Tenepasncana Jjoraputamcka Texknna w(r) = 2%(1 — z)P In(1/x),
Oé,ﬁ > _]-a LS (Ovl)a

EpmuToBa Mepa Ha MOJIy-HHTEpBany w(r) = e x € [0, 00);

Bumre-xommnonentna muctpubynuja w(z) = (1 — 22)"Y2 4 a, a > 0,
z € [-1,1];

Ejpujesa®! rexxuna w(z) = e /3, 2 € (0, 00);

Penunpouna rama rexxuna w(z) = 1/T'(z), x € (0, 00);

T
Ajumrajnoa® rexkuna w(x) = [ TE (0, 00);
et —
- 23 1
®epmujeBa rexxknna® w(r) = ——, x € (0,00);
e* +1
1 inh
Xunepboauike Texxune w(xr) = s— n w(r) = o ;E , € (0,00).
cosh” x cosh” x

21George Biddell Airy (1801-1892), 6puTaHCKH aCTPOHOM.

22 Albert Einstein (1879-1955), Teopercku dbmusmaap poben y Hemawkoj, jespejckor
OpeKIa.

ZEnrico Fermi (1901-1954), uranujancku dbusuuap.
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I''maBa 2

MoaundukaiimoHu aJaropuTMu

Jesan o1 HajBaKHUjUX MTPOOJIEMa KOHCTPYKTUBHE TEOPHje OPTOTOHAJTHUX
moJIMHOMA jecTe ojipehuBame Koeduiyjenara TpodaaHe peKypeHTHe pesialuje
3a HEKJacU4IHe TeKWHCKe (pyHKIHje. Y 0BOM IMOTJIaB/by OaBuhemo ce yTBphu-
BambeM yTHuIaja Moaudukalmje TexkuHcKe PYyHKIIje Ha KoedHUInjeHTe Tpotdia-
He pekypeHTHe pesanuje. Pa3marpahemo ciiydaj MHOXKema TEKHHCKE (yH-
KIHje MO3UTHUBHOM paruonaanoM ¢yukmnujom. HVcnurupame OpTOrOHAJIHUX
HOJIMHOMA €a MOMUMUKOBAHAM TeyKHHAMA 3HAYAJHO je MPUINKOM KOHCTDYK-
nuje KBaaparypHux dopmyna. OBaKaB MPUCTYI y KOHCTPYKIMJU KBAIPATyPa
IIUPHU HUXOB CKYI TAYHOCTH Ca aJredapcKuX Ha pamnuoHagHe (DYHKIMje YHA-
upe/i JiebuHUCAHUX 110JI0BA.

Heka je du(x) mosuruBHa Mepa ca KoHauHnM HocadeM supp(du) = [a, 0]

1 HeKa Cy
!

m
u(z) = :I:H(x —u) u v(r)= H(x — V)
k=1 k=1
JlBa peaqHa y3ajaMHO MPOCTa MOJMHOMA KOja Ce He aHyaupajy Ha |a,b|, mpu
yeMy ce 3HaK + wiau — y u3pasy 3a u(x) ysuma tako jga je u(z)/v(x) > 0 Ha
[a,b]. YBomuMO HOBY Mepy

du(x), = € [a,bl. (2.1)

[Torpe6Ho je ompeauru Koeduiujenre oy = oy (dp) u Bk = Bk(dﬁ) TpodJIaHe
pekypeHTHe pesanuje 3a Mepy (2.1), Ha 0ocHOBY HO3HATHX KoeduijeHara pe-
Kyp3uje ay = ag(dp) u B = Br(dp) Besane 3a mouerny mepy du. Meroau koju
Bpie oBy TpancdopManujy 30By ce MOANMDUKAIMOHN AJITOPUTMH.
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2.1. Tpamcdopmarmje Texkuucke (pyHKIHI]jE

[IpBu pesynrar y oBoj obaactu nomasu o Kpucrodena [13] koju je uzpaszuno
w(z)m, (z; dr) (v=1wudu(x) =dzx)

y OGJUKY JieTepMUHAHTE, KA0 JUHEAPHY KOMOUHAIM]Y TOJHHOMA T, 4;(2; dpu),
i =0,1,...,1. Cro romuna kacuuje Ysapos' [70] je pemmno ciyuaj kaza je
v(x) £ 1. Caspemen pa3B0j KOHCTPYKTHBHE TEOPHje OPTOTOHAJHUX TIOJIH-
HOMa Ha PeaJsiHoj paBoj y MHoroMe ayryjemo Boarepy Fayunjy [51]. Passujao
je eduKacHe aJIropuTMe 3a HYMEPHYKO MeHePHCAhe OPTOTOHATHIX TOJUHOMA,
JTa0 HUXOBY JIeTa/bHY aHAIN3y CTAOMTHOCTH W HEKOJTMKO HOBUX IpUMeHa. 3a-
xBaJbyjyhu pajy ayuuja moryha je KOHCTpyKIMja MHOI'MX HOBUX KJ/laca OPTO-
TOHAJTHUX MOJIMHOMA U FbUXOBa, IPUMEHA Y PA3/JIUIUTHM 00/1aCTUMA TPUMEHhEeHe
1 HyMepHYKe MaTeMaTHKe Ka0 U MHOTUM 00JIaCTHMa MPUMEHeHe HayKe.

2.1 Tpanchopmarimje TexkxmHcKe PYHKITIjE

Y 0BOM 07I€JbKY [IajeMO Hpersiesi Mo3HaTHX pe3yartaTta (Bugeru [26], [65])
MOZUMDUKAIMOHAX aJITOPUTAMA Ca JIBE jeJIHOCTaBHe TpaHcdopMmaImje.

Teopema 2.1.1 Osnauumo ca w(z) v w(x) opuzuHasny U MPaHcHoOPMU-
cany mestcuncky dynruugy, a ca m,(x), n € No, u T,(z), n € Ny, nusoee
MOHUNHUL 0OPMO2OHAARUL NoAUHOMG Y odnocy Ha w(x) u w(x) mescuncky
bynxyujy pedom. Hexa cy dawe oy, B,, n € Ny, u ay, Bn, n € Ny, o0dzo-
sapajyhu Koeduyujermu mpousane pPEKYPEHMHE PEAqUUTe 34 OPULUHAAHY U
mpanchopmucary mesrcuncrky dynkuugy pedom. Tada sasce caedehe mparc-
popmavuone popmyie.

1° Axo je w(z) = Cw(x), 2de je C > 0, onda sasrcu

dn=0n ne€Ny u  fBy=CPB, Bn=p0n neN.

ITpu mom je T,(x) = m,(x) 3a cearo n € Ny.

2° Axo je w(x) = w(ax + b), 2de je a,b € R u a # 0, onda sasrcu

&n:<an_b)/av neNO U EOZBO/ML En:ﬁn/GQa n € N.

Ocum moea je 7, (x) = m,(ax + b)/a™ 3a cearo n € Ny.

!Bacunnii Bopucosuu Ysapos (1929-1997), pycku maremaruuap u dusuygap.
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2.1. Tpamcdopmarmje Texkuucke (pyHKIHI]jE

Hapeana Teopema tude ce Tpancdopmalnje TeXKuHCKe (hyHKIHje 00THKa

v(z)

w(z) = ——w(x),

rie cy u(x) u v(xr) peajHu HOJTHMHOMH.
Teopema 2.1.2 Hexa cy mp(x) u m,(x), n € Ny, Mmonuwnu opmozonantu

noauromu Y 0dnocy wa mestcuncke dynryuje w(x) u w(zx) = r(z)w(zx) pedom,
2de cy

r(z) = % u u(zr) = H(x —w;), v(r) = H(x — ;).
Y cayuwajy m < n eascu
Tp-m(z) - mnoa(z)  malz) o mn(z)
Tnom(u1) - Tooa(ur) mu(uw) o0 mupa(un)
w(@)my () = C| Tpem(w) -+ mpoa(w) m(w) - map(w) | (2.2)
Pn—m (U1> te pnfl(vl) Pn (Ul) T pn+l(vl)
Pr-m(Vm) = Pn1(Vm) pn(Um) o pnyi(vm)
YV cynpommom, axo je m > n, onda eaxrcu
o 0 - 0 wo(x) -+ Tpa(2)
o 0 -- 0 mo(ur) -+ map(ug)
w(z)m,(z)=C| 0 0 --- 0 mo(w) - man(w) |, (2.3)
Lo o o™ po(on) oo pasa(on)
Loow oo™ po(om) - pagi(vm)

2de je C' HOPMAAUSALUOHA KOHCTNAHMGA 30 MOWUYHU Nosunom. Ca py(z) 03-
nawuau cmo Kowujese® unmeepane nosunoma w,(x) dedpunucane ca

zZ—XT

pn(2) :/Rﬂn—@)w(m)dx, n € Np.

Opurunanna Kpucrodesnosa reopema ce pobuja y ciaydajy v(x) = 1, ogno-
cao m = 0.

2 Augustin Cauchy (1789-1857), dpaniycku maremarauap.
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2.1. Tpamcdopmarmje Texkuucke (pyHKIHI]jE

Hapeane Tpancdopmarimone dhopmyie go0ujeHe cy mpuMeHoM Teopeme 2.1.2
y crenujainuM ciydajesuma ([26]).

Teopema 2.1.3 Hexa cy cee osnakxe kao y meopemu 2.1.1 u nexa je wu3
rn, N € Ny, dedpunucan ca
B

ro=C—0Qg, Tp=C—Q,— , neN. (2.4)
Tn—1

Tada:

1° Axo je w(z) = (x — c)w(x), 2de je ¢ < inf supp(w), onda sasrcu

BO = /R’LTJ/(Z')dJZ', gn = ﬁn I , ne Na

T'n—1
Op = Qpa1 +Tpa1 — Tny, N € Np.

2° ¥V cayuajy w(z) = (v — ¢)(z — )w(z), 3a ¢ € C\ R savcu

2

,
"1, neEN,

Bo=Bo(By + rol?), B = @(ﬂy
n 1

1! 1!
r r
~ n+2 ./ n+1 s
Qay, —an+2+rn+2+ — T — n+1—|— —r, |, mn & Ny,
Tn+1 Tn

Tn—1

ede jer! = Rer, url =Imr,.

Y HekuM cjydajeBuMa je Beoma Telnko Hahu penieme gudepeHiiHe je-
Haunre (2.4) y 3arBoperom obsnky. ¥ ciaenehem Tephermy Tpancdopmannone
dopmye u3 gena 1° nperxo/iHe TeopeMe ce yipouihasajy yBohemem moMmohHor
HI3A.

Ilocnemuma 2.1.1 Heka cy cee osnakxe kao y meopemu 2.1.1 u weka je
Hu3 A\p, n € Ny, dedpurucan ca

)\,1 = O, )\0 = 1, )\n+1 = (C — Oén))\n — ﬁn)\nfl, n e N, (25)

2de je ¢ < inf supp(w). Axo je w(z) = (z — c)w(x), mada sasrcu
A ~ n+1An 1
&:/mmm R L
R

An

~ +1

Qp = C— \ ﬁnﬂ , n € Np.
n n+1
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2.2. Panmmonajnu ajropuraM 3a KajaparHy KpucrodenoBy Moaudukamnumjy mepe

Teopema 2.1.4 Hexa cy cee o3nake kao y meopemu 2.1.1. Hexa je wu3
rn, N € Ny, dedpunucan ca
_ ~ _ Bn
roy=— [ w(z)de, r,=c—a,— ., néeNp. (2.6)
R

Tn—1

Tada:

M, ede je ¢ < inf supp(w), onda easicu

1° Axo je w(z) =

Qg = Qg + T, Qp = Qp + Ty — Tp_1,

Bo=—r_1, Bn=pPr1—, neN.

T'n—2

(2.7)

~ w\x . .
2° Vkoauro je w(z) = L, 2de je ¢ > supsupp(w), sasce peaayuje (2.6)
c—x

u (2.7) npu wemy je 50 =1r_q, 20e je

r_q —/Rfﬁ(a:)dx.

2.2 PainmoHaJIHu ajJropurTaM 3a KBaJpaTHY
KpucrodenoBy moandukanmjy mepe

Mojiudukanuja kBajparauM hakTopoM
dfi(z) := (z — 2)*du(z), z€C,

IIPpOU3BOAU HOBU HU3 OPTOI'OHAJIHUX HHOJIMHOMA

]/)\n(ﬂf) = ﬁn(xa dﬁ)? n e N07

KOJU Ce MOYKe Peasin30BaT JIBOCTPYKOM y3aCTOITHOM IPUMEHOM Mot ukaruje
muueapunM dakropuma (Bugern [27, crp. 121-124] u [17]). IIpobiem ca oBum
IPUCTYIIOM HacTaje Kaja z npunajia supp(du). Haume, kajga je z Hyaa moan-
HOMA, P, KOJU je 4JlaH HH33a OPTOTOHAJHHUX MOJHMHOMA y OaHOCY Ha Mepy dji,
npuMeHa MOAU(MUKAIMOHOT aJTOPUTMa JIMHeapHuM (aKToOpoM HEje Moryha,
3000 YUIbEHUIE Ja JI0JIa31 J0 Ae/beiba HYJIOM. AJITepHATHUBHH IIPUCTYIL j& 12
ce mpuMenn jenan Kopak QR anropurma ma Jakobujesy marpuny J = J(du)
3a mepy du. OBaj asropuram 3axTeBa padyHarme KBAJIPATHUX KOPEHa, IITO
3HAYN /13 HUje paloOHAJIAH.
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2.2. Panmmonajnu ajropuraM 3a KajaparHy KpucrodenoBy Moaudukamnumjy mepe

Y pazay [18] mpejacTaBbeH je aaropuram KOju MOYKe Ja ce TMpUMeHHu 6e3
o03upa Ha YUIHEHUILy TJie Ce Tadyka 2z Hajas3u. lakohe, Taj ajropuram je
panmoHaiaH, Kao W ajaropuram npejacraBber y [10] Koju ce omHOCH Ha JIMHe-
apue moaudukanuje. 3a Heke apyre Moaudukanuje sugeTu [29].

Jlata moandukamnmuja KBaJapaTHUM (AKTOPOM MOZKe OUTH YCIENIHO MpH-
MeIbeHa, Ha, AUPUTOBaHy HOJHMHOMHUjaany L2-anpokcuManumjy, 3a KOHCTPYKILH]y
s- (um 0-) opToroHaJIHUX MOJMHOMA U ojiroBapajyhe ksaaparype Typanosor?
tuna (Bugeru [32], [55]), ura. Tunmuna npumena na L2-ampokcumanujy ca
orpaHHYebiMa 3aXTeBa HOTMHOMEe OPTOTOHAJHE Y OHOCY Ha MepY G, (z)2du(z),
r7e je ¢, MOHUYHU IIOJJMHOM CTeleHa m ca HyJaMa Ty, .. ., Ty, KOje TPUATIaIajy
nocady mepe du(x) (Bugern [45, crp. 388] u [52]). To ce moxke nocruhin upu-
MEHOM JIATOI MOAM(DUKAIIMOHOT aJIrOPUTMA 1 Iy Ta €a KBAIPATHUM (PAKTOPOM
(x—m)ik=1,....,m.

2.2.1 Moandukanuja KBagpaTHuM (paKTOpOM

Hedununnuja 2.2.1 Heka je dp mosurusaa Mepa u p,( ) = pu(+; dp) qus
MOHUYHHX OPTOrOHATHHX HOTHMHOMA y omHocy Ha mepy du. Heka je 2 € C u
IPETTIIoCTaBUMO J1a je p,(z) # 0 3a n € N. Taga uspas

1 . pn-l—l(Z) n(x)

Pn(;2) = P Prt1() Wp (2.8)

30BEMO TOJIMHOMCKO je3rpo 3a Mepy dp.

[Tpumernmo 1a je p,(z;2) € P, Kao dyHKIMja 110 .

Teopema 2.2.1 Hexa je dpu nosumusna mepa u z € C makas da je p,(z) #
0, n € N. Heka je di(z) = (v — z)du(z). Tada je di xeasu-dedpunumna
MEPQ U NONUHOMCKG je3epa Pk, k € Ny, cy dopmarnuy, monuumnu opmozonasny
NOAUHOMU Y 00HOCY Ha mepy dfL.

Y paxy [18] maru cy caenehu pesyararu.

JIema 2.2.1 Koefuuyujenmu oy, u Bk; k € Ny, xoju ce jaswajy y mpounraroj
PEKYPERMHO] PEAGUUIU 3G NOAUHOME OPMO20HAAHE Y 0OHOCY HA MEPY

dji(z) = (x — 2)*du(z), =z € C,

cy nenpexudre Pynkyuje no z € R.

3P4l Turdn (1910-1976), mahapcku MaTeMarudap.
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2.2. Panmmonajnu ajropuraM 3a KajaparHy KpucrodenoBy Moaudukamnumjy mepe

oxas. Tlocmarpajmo HA3 Momenata m, = [ z"dj(x), n € Ny. Jemno-
CTaBHO Ce NOKa3yje Ja je CBaKW M, NOJMHOM JPYror cremeHa no z. Kako p,
MOJKe Jla Ce m3pasu MmomMohy

mo My My
N 1 | m1 mg Mp+1
DPn (x> = = . . )
H, : :
1 T "

(Bumeru [11, crp. 17]), rue je H, Xenkesnosa JIeTePMUHAHTA KOja je pas3Jiu-
guTa o Hyse jep je mepa di mosurusHa. /lakie, KoedUIUjeHTH IIOJIHMHOMA Dy,
cy Hempekuane ¢pyuknuje mo z € R a Ttakohe n KoeduIujeHTn y TPOUIaHO]
PEKYPEHTHO] peJialuju. U

Jlema 2.2.2 Axo je A, = Ap(2) = pry1(2)0,(2) — pn(2)D)11(2), n € Ny,
onda je

A'rL—i-l = /BTL+1A1’L - pi+1 (Z>, n e No. (29)

Jloxas. Tpema Kpucroden-dapbyosoj dopmynu (Bugeru [11, cTp. 23-24],
27, crp. 15-16]), caenn

A, . Pr(2) AV o Pr(2)

Ipall? = Ipel? lpnsall® = ol

OJIaKJIe, OJy3uMarmeM J1001jaMo

p?’b—i—l('z) _ A1 A,
[ [Pnsall?  lpall?
lpaal?

Kopucrehu upenrurer (3,11 JiobmjamMo TBpheme jeme. U

=2
[1n]]

Teopema 2.2.2 Hexa je z € C maxas 6poj da je mepa dii xeazu-degu-
numna. Koedpuuujenmu y mpousaroj pexypenmmoj pesatuju 3a NoAUHOME
0pPMOo20HaAHE Y 00HOCY HA MEPY

dji(z) = (x — 2)*du(z), =z €C,
cy damu ca

a. — _p121+1 (pnpn—I—l + ZAn) + ﬁn-I—l (2pnpn+1An + O‘n-i-lA?L)
" AnAn—&—l ’

(2.10)
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2.2. Panmmonajnu ajropuraM 3a KajaparHy KpucrodenoBy Moaudukamnumjy mepe

Bo = fo 51+ (2 — a0)?], B = ﬁn%; (2.11)

2de cMo o3nanuau Py, := py(z;dp), n € No, u p, je nuz nosurnoma opmozora.n-
nwux Yy odnocy wa mepy du.

Jloxas. Ilpumenom Kpucroden-/lapdyose dpopmye podujamo

A PaaPo—PhPast _ X\~ Pi
AE 1l |® — ||y |?

> 0,

omaxJie ciaeau ja je A,(z) < 03a cBakon € Ngu z € R.

O3naunmo ca Z, CKyl CBUX HyJIa MOJUHOMA D,. [Ipema Teopemu 1.1.5 ckyn
nysna Z,, n € N, cajipku n peayaux 6pojena, na je Z = UpenZ,, CKYI HYJIA
CBUX HOJIMHOMA Py, n € N, mpe6pojus ckyn. 3aro je ckyn R\ Z Hempaszan u
nMa MON KOHTHHYYMA.

Nzabepumo z € R\ Z. 3a TakBo z Baxku p,(z) # 0, n € N, u A,(z) <0,
n € N. Veios p,(z) # 0, n € N, npema teopemu 2.2.1 o6e36ehyje ma je
mepa di(z) = (z — z)dp(z) kBazu-gedunurna u g1a nocroju ogarosapajyhu nus
oproroHasHuX mosnHOMa Jar ca (2.8). lakie, MOKEMO H3pa3suTH MOJTHHOME
Dn, 1 € N, oproronasse y ojgHocy Ha mepy dg momohy

1

Tr—=z

i) = 1 pua(0) - P et

n

Mepa kojy najasbe uctnuryjemo je di(r) = (z — 2)dp(x) = (z — 2)%dp(x).
[Ipumenumo Teopemy 2.2.1 jorr jeHOM H JI00HjaMO

1

~ . . ~ . . 5n+1(z; Z)N
pn(wa) - " P |:pn+1($,2)

~ n\L; ) Np.
522 pn(z z)} n € Ny

C ob63upom Ha
- A, (z
pn<Z; Z) = _A>
pn(2)
yenoB A, (z) # 0, n € Ny, mam omoryhyje npumeny teopeme 2.2.1.

CpehuBamem n3paza

i) = o [nte) - 2105 o)

x Pn(2)
_ 1 {Pn+2($) — (Pr+2(2)/Pnt1(2)) P (2)
o _An+1/pn+1(z) pn—l—l(z) - (pn—i-l (Z)/pn(Z»pn(l')
—A,/pn(2) < T —z )}
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2.2. Panmmonajnu ajropuraM 3a KajaparHy KpucrodenoBy Moaudukamnumjy mepe

1 {pn+1 (2)Pn42(x) = Pns2(2)Pnsr ()

(2 2)? Pnr1(?)
n+1pn(z) pn—H( )pn( ) pn—l—l(z)pn(z) }
Appnyi(2) p(2)
_ pn+2(z) ) — Apgr pn(z) r) — T
onle) =B ) = 8 () o)
(z —2)?
_ . pn+2(z> pn(z) "
_ pn+2($)An pn+1< ) (Anpn+1 (Z) + An+1pn+1<z>) + pn( )AnJrl
(x — 2)24, ’
J100MjaMo
f?\n(l'; z) _ pn+2(l’)An — Pn+1 (x) ((gfﬁri]f;&npnp;wﬂ) + pn(x)AnJrl . (2'12)

Bamenowm (2.12) y TpouaH0] PEKYPEHTHO] PesIalliji 3a MOJHHOME Dy,
Pnt1(z) = (x — 0p)Pn(®) — Bubn-1(x), n € Ny,
J10061jaMo

Prt3(2) Ani1 — g2 (@) (PntsPii1 — Prnt1Dhys) + Dot () Dngo
(z — 2)2Anta

- pn+2($)An - Pn+1($) (pTH-QpIn - pnpﬁl+2) + Dn (I)An-i—l
= (z — ay)
(x — 2)2A,

~ Pnt1(2) An—1 — po (@) Prs1 (D1 — Pr—1Dpi1) + Pn-1(2) Ay
" (x — 2)2A, 4 '

CpehuBameM mpeTxoHOT U3pas3a u 3aMEHOM y TPOUJIAHO] PEKYPEHTHO] PeJianuju
3a HU3 MOJIMHOMA P, CJIe/IH

DPn+2(® A,
pn+3<x) - +2( ) [(Z - an+2)An+1 - pn+1pn+2] + Pn+1 (;U) 2
An+1 An—f—l

= (z — @) <pn+2(:c) - pn%:x) (2 = ans1) Ao = Popnsa] + pu(2) AAn:)

o~ n €T An
=B (posa(o) = B (= 0t = ]+ paca ()5 ).
Bamenom p,i3(x) = (& — @pa2)Ppia(®) — BusoPni1(x) y nperxomnoj jes-
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2.2. Panmmonajnu ajropuraM 3a KajaparHy KpucrodenoBy Moaudukamnumjy mepe

HaKOCTHU, UMaMO

ApioPnit(x ~
— Bny2Pnta(x) + zp—ﬂ() + B
n+1
Appn-1(®)  pu(@)((2 — n)An_1 — pu_1pn)
X ( An_l An_l +pn+1(x)

+ (¥ — ans2)pnra(z) — (T — Qp)
An n n - Un An - PnPn
% ( 4110 (z) _ D +1(z)((z aA+1) DPnPn+1 +pn+2(1‘))

_ Pot2(2)((2 — ny2) Dntt — PrtiPns2)
An—&—l

= 0.

Kako je Ao = BnyaAni1 _pi+27 Prr2(2) = (= ang1)Pnt1(2) = Bpy1pn ()
1 Ppi1(2) = (2 — ) pn() — Bupn—1(x), permaBamem cucTeMa oJ1 JBe jeTHaAUnHEe
Jiobuja ce:

~ o an+1AnAn+1 + An—i—lpnpn—l—l B Anpn—f—lpn—i—Q
ap = )
AnAn—&—l
= Oy, —z nAnf AnAn n’n + nAnf An 2p?
3, = ( +1 )5 1 +1PnPns1 + B 180+1Pn P41 (2.13)

A%An—Fl(An - ﬁnAn—l)

(an+1 - Z)ﬁnAn—lAq%pn-‘rlpn—i—Q + ﬁnAn—lAnpn—i—Q(Anpn—i—Q + Pnp721+1)
A%Anle (An - ﬁnAnfl) .

Capna, zamenoMm A,y = Bpp1A, — Pi+1 U pri2(2) = (2 = ang1)pnsi(z) —
Bri1Pn(2) y (2.13) mobujajy ce m3pasu maru ca (2.10) u (2.11).

Jlobujenn u3pasn 3a kKoedunyujenTe y TpowIaHoj pesanyuju o, u Z?\n, n € Ny,
Baxke 3a 2 € R\ Z. Kako je mepa du nosuruBna 3a z € R, 10 nosunoMun
oproronaanu y ogaocy Ha dji mocroje. Cama moka3yjemo aa HCTH U3Pa3u Baske
3a cBako z € R.

[IpBo npumernmo ja cMo Jokasaan jga je A,(z) < 0, z € R, e ¢y gecue
crpane y u3pasuma (2.10) u (2.11) gedunucane 3a cako z € R. ITocmarpajmo
caga Hu3 orBopenux ckynosa O, = R\ Z, n € N. Craku O,, n € N, je
rycr y R. Kako je R xoMmmieran MeTpuuku npocrop o je Bampos* mpocrop
(Bumeru [1, crp. 31]). Ha ocnoBy Bampose Teopeme o kareropujama CBaku
pe3uiyajial CKyI, Tj. IpeceK IpeOPOjuBO MHOI'O OTBOPEHHUX CKYIIOBA KOjH CY
ryctu y R, je ryer y R, Jlakie, NyenO,, = R\ Z je rycr y R. To 3naun na
jemmaxocru (2.10) u (2.11) Bazke Ha ckymy Koju je ryct y R. Ha ocHoBy sieme
2.2.1 koedunujeaTu &, u Bn, n € Ny, cy Henpekune dyuknuje mo z € R, u

4René-Lous Baire (1874-1932), dpaniycku maremaTuuap.
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2.2. Panmmonajnu ajropuraM 3a KajaparHy KpucrodenoBy Moaudukamnumjy mepe

neche crpane y jeqnakocruma (2.10) u (2.11) cy menpekumne o z € R jep je
A,(z) <0,n €N, z€R. 3acBako z € Z, MOXKEMO KOHCTPYUCATH HU3 TaIaKa
zn € R\ Z, n € N, takas ga je limz, = z, a TO HA OCHOBY YHMILEHUIE 1A
je ckyn R\ Z rycr y R. Kopucrehu menpexuHoct n106ujaMo ja jeIHaKOCTH
(2.10) Baxke no z takohe. Kaxko je z € Z mpousBoJbHO, CJEJIN JIa jeTHAKOCTH
Bake 3a cBaKo z € R.

Caza, ueka je z € C\ R. O3naunmo ca
Z, = {zl” eC|H(z1)=0, = 1,...,N(n)},

rae je N(n) 6poj myna mosmnoma H,. Taxie, UpenZn je npedpojus cKyl cBiX
KOMILJIEKCHUX OpojeBa rae mepa dji nuje kBasu-gedunnraa. Heka je zg € C\R
takaB ga je mepa di ksasu-gedunntna. I[Ipernocrasumo ga 3a meko n € N
Baxku A, (z9) = 0. Tedbunummmo

no = min{n € N | A, (z) = 0}.

Kako je ?[n HelpeKu Ha (GYHKIHjA IO 2 B KAKO je En = ﬁ[n,gﬁ[n/ﬁg,l, cJaen
na je Bn, n € Ny, rakohe uenpekngna gynknuja mo z va C\ Zvn 3aro nocroju
OTBOPeHa_OKOJIMHA TaukKe Z, O1(20), TakBa ma 3a cBako z € O1(z)) BaxKn
H,#0,3,#0,3an=0,1,...,4n,.

Kaxko je A, (20) = 0, mocroju orBopena okosmua taduke zo, O2(2)), TaksBa
na 3a cBako z € Oy(zp) \ {20} Baxku A, (2) # 0. AKo He, TOCTOjU TAaYKa
Z y CBaKOj OTBODEHO] OKOJIMHU TA4Ke Zp, PAa3jIMuuTa OJ Zg, TAKO Jla BaKU
A, (2) = 0. Kako je A, nera dynknuja no z o 6u 3uaunio ga je A, (z) =0,
z € C (Bumern [38, ctp. 168]), mro je nemoryhe Ha OCHOBY 4HmeHHIE Ja je
A, (2) <0, z € R

Hedbunuummumo O(zp)

= O1(20) N Os(2p). Tana je O(zp) orBopena oKoIMHA
Tauke zo 3a KoOjy je Ap,(2) # 0, 2z # 29, u HA KOjO] je [, Henpeknana. Kako je

{0,00} % lim B3, = lim f3,, —2-L="0
Z2—20 220 AZO
TO je
Ang+1(20) = 0.
C ob3upom Ha TO 72 je
no 2
i (2
Ano(ZO> - _||pn0+1||2 k( 02) -
2l
i +1
no 2
7 (2
Apgr1(20) = =g y2l® i 02) =0,
2 T
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2.3. Anroputam

noGujamo p2 . 1(%) = 0, mMTO je KOHTPAIUKIHjA jep Ppo1 HE MOZKE HMATH
KOMILJIEKCHY HyJly, KaO 9/JaH HU3a ITOJHHOMA OPTOMOHAJIHUX Y OJHOCY HA I10-
3uTUBHY Mepy du Ha peasiHO] MpPaBoj.

Osum je nokazano jga dopmyse (2.10) u (2.11) Baxe 3a ce z € C 3a koje
je mepa dji kBazu-aedUHATHA.

Konauno, 3a nexo z € C 3a xoje je mepa dji kBasu-gedunurHa, 1001jamo
Bo:/(x—z)Qdu:/(x—ao+a0—z)2du
= /(90 — ag)*dp + 2/(£E —ap)(ag — z)dp + /(ao — 2)3dpu
= BB+ (g — 2)°Bo = o [Br + (z —w)?] . O

2.3 Aaropuram

Y 0BOM MOTJIaB/bY HPE/ICTAB/HAMO PAIMOHAJIHU AJTOPUTAM 3a MOn(UKa-
unjy ksagparanm daxropom, dii(z) = (z — 2)?du(z), npu gemy je 2 npousso-
JbaH KOMILIEKCaH Opoj Takas 1a je Mepa dfi KBa3u-neduHuTHA.

Teopema 2.3.1 Koepuyujenmu Q,, u Bn Y MPOYAAHO] PEKYPEHMHO] DEAG-
YUJU 3G HU3 NOAUHOMG OPMOLOHAAHUL Y 00HOCY HA KEa3U-Jeunummy Mepy

aji(z) = (z — 2)2dp(z)
Mo2Yy 0a ce uapauwynajy Ha ciedehu Hawum:

IHouemnu ycaosu:
fO = 07 €0 = 1.
Uspavynasarwe: 3a 1= 0,1,2,...,n pauynamu
a=0; —2— fi7
2
a .
b={ o axo je e; # 0,

i
ei—18; axo je e; =0,

Bi = (1 —e;)(b+ Bit1),
B b
€i+1 = ma
firi = (1 —eip)(a+ a1 — 2),
a;=a+ fiy1+ 2.
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2.3. Anroputam

Jlokas. Tlpso mpernocraBumo jaa je p;(z) # 0 3a ce ¢ € Ny. [lokas ce
u3Bou Kopuctehu maremarnaky waayknujy. [Tokazahemo ma 3a cBako n € Ny
BaKU:

2
_ _pn(z) _ . . pn<z)pn+1<z>
€n = An ) fn = Qp z An .
3a i = 0 umamo:
a=ap—2— fo =« —z:ZM
0 0 0 Ay’
2
a
b:a:(Oéo—Z)2,
60 :07
o b (w—2)? _p_%
b+ 8 (a—224 0 Ay
fi=l—-e)(a+a; —2)
~ Bilag+ar —22) DiD2
= =) —z2— ——,
(a0 —2)2 + B Ay
_ —p}(pop1 + 200) + B1 (2pop1 Do + 1 AY)
dp=a+ fi+z= A A :
(iYAV]

Heka je TBpheme Tauno 3a n. 3 Anropurma 3a ¢ = n + 1 caemn:

a=Qpi1 —2— fn41 = Q1 — 2 — (Qp —a — 2)

~ PnPn+1 ~
=Qpt1 — 22— 0Qpt+a+2z2=0p41 + — Qi
n
_ DPn+1Pn+2
- )
AnJrl
2 2
o a . pn+2
b= - )
En+1 AnJrl
) AnAn
+2
Brt1 = (1 = ent1)(b+ Bui2) = ﬁ"HAQ—’
n+1
2 2
e o pn+2 o pn+2
n+2 — "5 —_— 5
Prya — Brr2ln 1 Apyo

forz = (1 = eng2)(a+ ania — 2)

2
Phio Prn+1DPn+2
( An+2) ( An+1 2 Z)

_ Brt2 (Pnt1Pnt2 + Qni2Dni1 — 20n41)
An—l—2 ’
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2.3. Ilpumene amropurma

o Prn+1Pn+2 ﬁn+2 (pn+1pn+2 + an-l-QAn-i-l - ZAn—I—l)

a” 1:a+fn2+z— + 42
+ + An_H An+2

! 2

= m (pn+1pn+2An+2 + Apt1Bnt2Pn+1Pn+2 + A5 1 Bn2nto

_ZAzH»lﬁnJrZ + ZAn+1An+2)

1

NN (pn+1pn+2 (ﬁn+2An+1 - p,21+2) + An+1ﬁn+2pn+1pn+2

An—i—lAn—l-Q

2 2
+An+1ﬁn+2 Opyo — ZAn-i—lpn-i-Q)

. _p721+1 (pnpn—i-l + ZATL) + ﬂn+1 (2pnpn+1An + CY7L+1A,21)
B AnAn—&—l

Axo je pi(z) = 0 3a Heko 7, Taja U3 TPOUJIAHE PEKYPEHTHE PeJaIuje CJIeIn

pir1(2) = (2 — ai)pi(z) — Bipic1(2) = —Bipi-1(2).

s )
b B
A “TTA
caenn
a_2 _ _pzzpzerl _ p%ﬂ
e PiA; Pi+1P; — Dibis
Kako je
Piv1P; — PiPiyr = —Bipiap; = Bi(pipi—y — pie1Dy),
TO je
a’? _ Bipi1(2) _
T T ;= Biei-1.
€ PiDi—1 — Pi—1P;
OBuwMm je 10Ka3 3aBPIIeH. O

2.4 IlpumeHe ajropuT™Ma

Y oBOM siesly mpuMemsyjeMo Teopemy 2.3.1 aBa myTa jga OMCMO U3pavdyHaIn
koedulujeHTe y TPOUJIaHOj PEKYPEHTHO] PeJIalluju 38 HU3 HOJUHOMA OPTOrO-
HAJHUX Y OJIHOCY Ha MojupukoBany HeOuineB/beBy Mepy JIpyre BpcTe

dii(z) = @(z)dz = (ﬁ — %)2 VI—2?de, zel-1,1],
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2.3. Ilpumene amropurma

Kao U y OJTHOCY Ha Mepy

e N Y L

Ciomka 2.1: Tpadwunm rexuncknx dhyuxmpmja x — w(z) n x — w'(x) na naTepBay
[_17 1}

A

N N
05 o P X

Cuouka 2.2: Tpadunm rexunckux dyskmmja x — w(x), ¢ — w(z), x — w0(x) un
x +— w(zr) na uarepsaiy [—1,1]

VY npBoM KOpaky padyHamo Koeduiujenre oy, O, k € Ny, 3a Hu3 mojnnoma

. _ 1\?
OPTOTOHAJIHUX Y ofHOCY Ha Mepy dji(x) := w(z)dx = (cc - E) V1—22de,

€ [—1,1]. Barum, kopucrehn uspauynare koedunujente oy u G TPUMEHOM
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2.3. Ilpumene amropurma

Teopeme 2.3.1 nobujamo Tpazxkene KoeduiujeHTe oy u Bk, k € Ny, kopucrehn
-1
gumennny ga je du(x) = (2 — — | dp(x).
y aa je di(z) ( \/5) fi(z)

Ha cannu 2.2 npukasane cy rexuncke ¢yukimuje w(zr) = 1 — x2, w(x),

w(r) = (x+ 1/v2)%w(x) u ©(z).

Teopema 2.4.1 Koeduuyujernmu y mpousaro] peKypeHmmoj pesaruju 3a
HU3 NOAUHOMA OPMOZOHANHUL Y 00HOCY HA MEPY

dji(z) = (m—T) V1I—a22dz, zel-1,1],

cy
k(k +3)
k=0 mod 4
( (k+1 k+3) (k+1)2>’ et
( k<k+3)), k=1 mod 4,
L V2(k+2) 4k +2)?
(aka ﬁk>:<
k+1 B
(074k+2> k =2 mod 4,
k+2
k =3 mod 4,
(\/ik+2 4k +1 )>
sa k € Ny.

/loxas. Kako je oBo mojaudukanuja Hebuies/beBe Mepe japyre BpcTe, KO-
ebunmjentn oy u fi, y reopemn 2.3.1 cy ap =0, k € Ny, By = 7/2 u B, = 1/4,
keN az=1/ V2. Jla 6ucMo IoKa3aam TeopeMy MOKaszaleMo 1a ¢y 3a CBAaKO
k € Ny auzoBu fi u e y Teopemn 2.3.1 jeanakn

([ k21
20k +1) k+1

), k = 0 mod 4,

(fer €x) = ( \;k+2 kiz) k=1 mod 4,
(7 ) k=2 mod 4,
<7 ) k =3 mod 4.
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2.3. Ilpumene amropurma

Jloka3 cieam MpUMEHOM MaTeMaTHdKe WHAYKIHje. Ha moueTky mokasyjeMo
TagHocT TBphema 3a k = 0,1, 2, 3.

JlupekTHUM u3padyHaBameM J00HjaMo:

k=0:
et 1 1 1 1 1 1
a:—ﬁ, bzﬁ, 51257 €2 = 1 f2:_ﬁ7 ay _ﬁ;
k=2
a =0, b=0, gzzi, e3 =0, f3:_L’ ap = 0;
16 V2

k=3

1 ~ ) 1 2vV2 1
a=0, b:E’ 53:%’ €= f4——%_, a3:ﬁ.

Heka je caga tBpheme Tauno 3a k € N. Ha ocroBy Teopeme 2.3.1 ciemu:

1 k2 1 1 ~  k(k+3)
T D) T VA1) b=y T A
2 k+2 R V2
6k+1:k—+37 fk+1:—m, &k+1:_(k+1)(k+3)’

(k+1)(k +4)

4(k+3)% 7
- - 1 . B 1

€k+2 = k:—+4’ fry2 = _E7 Q42 = —m7

1 1
b

Vs T amre T

k+3

=0, b=0, Buo=-—"
a ) 9 /6k+2 4(k+4)’

1 -
etz =0, figs = _Ea g3 =0,
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2.3. Ilpumene amropurma

1 ~ kE+5
a ) 4(k’+4)’ 5k+3 4(k’+4)’
1 f kE+4 R 1
Chia = ——, = Q= ———.
ks YT Bk+s) T VR +5)
OBuM je 10Ka3 3aBpIIeH. U

Teopema 2.4.2 Koeduuyujenmu y mpousaro] peKypeHmmoj pesauuju 3a
NOAUHOME OPMO2OHANHE Y 0OHOCY HA MEPY

1 2
du(z) = (ZEQ — 5) V1—2?de, xe€[-1,1], (2.14)
cy R -
A: k p—
ag =0, €Ny, B 16
(_F d 4
Whsg)y F=0medd
1+k
T k=1mod4
~ Ak +3)’ moa
By = d
+
T k=2mod 4
Ak +2)’ Hoa S
54k
T k=3mod 4
{ 4(k+3)’ Hoa S
sa k € Ny.

/lokas. Jla 6ucmo mokazaJsim Teopemy mokaszahemo ja cy 3a cBako k € Ny
HU30BHU [ u e, y Teopemu 2.3.1 jeaHakn

( k 1
, , k = 0 mod 4,
(\/§(k+1) k+2) e

( (k+1) 2(k+1)

\/§(k+2)7k:(k:—|—3)>’ k =1 mod 4,

(1. 5) -

(1 ! ), k =2 mod 4,

V2 k+1
( ! o) k=3 mod 4
= ; = o9 1Mo .
C\V2
Ocrarak jioKa3a je UCTH Kao H JIoKa3 Teopeme 2.4.1. [
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2.3. Ilpumene amropurma

IIpumep 2.4.1 [IpBUX HEKOJUKO MOJTUHOMA Pi, OPTOTOHATHUX Y OJHOCY Ha
mepy (2.14) cy:

po((l)‘) - 17
pl(l') =7,
1
po(e) = — o,
1
pa() = a® — 2
5 1
o4 9.2 L
pa(z) =2 6:1: +24,
1
ps(z) = 2 — 2+ gx,
19 9 1
6 4 d o9
po(r) =2 = 357+ 357 ~ g

9 19 21 3
8 6 Va4 22

53 . 13 . 43 5 1
0_ 92 8, 2.6 _ = 4, Y 2 -
01" T To6" T128Y T 20ms

05+

| — n=0

b \ / n=1
0'07 — n=2
— n=3

— n=5

_1‘0,
N ¥ Y

Cmuka 2.3: Tpadwunm nommuoma p,(x), n=0,1,2,3,5

Ha comyan maunn pobujamo ciemehy Teopemy.
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2.3. Ilpumene amropurma

Teopema 2.4.3 Koeduuyujernmu y mpousaro] pekypenmmoj pesaruju 3a
NOAUHOME OPTO20HAAHE Y 00HOCY HA MEPY

dp/ (z) = 2 (x2 — %) V1—22de, zel[-1,1], (2.15)

cy

sa k € Ny.

~ T
a, =0, keN = —
Qf ) €Ny, B 198’

( k
— k= d4
Ak 1 4) 0 mod 4,
ﬂ, k=1 mod 4,
Br =
L k =2 mod 4
47 - mO )
L k =3 mod 4
\17 pr— mO )

IIpumep 2.4.2 [IpBUX HEKOJHWKO MOJTHHOMA 7'); OPTOTOHATHUX Y OJHOCY Ha

mepy (2.15) cy:

ro(z) =1,
r(z) =z,

1
712('%) = ‘12 - 57

3
T3($) = .I'3 - lea

1

ry(z) = 2* — 2% + 3’

9 7
rs(x) = 2° — ng + 35

3 19 3
re(z) = 2° — §$4 + 3—2x2 ~

7 7 13
7’7(1’) = .1'7 — 211'5 + §x3 — 38(1';,

1 3

rs(z) =2° —22% + —2* — =2® + —,

o 13, 37 . 19 5 11

53 4 13, 43 , 1
— —r — =T+ —0° - —.
27 247 167 3847 256
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2.3. Ilpumene amropurma

1.0j ]
05} i
i I
001 ik
oL I —n=2
: — n=3
03 1] —n=b
_1.0 :I 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 I-
-10 -05 00 05 10

Cnuka 2.4: I'padunu nomunoma r,(z), n =0,1,2,3,5
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I'lmaBa 3

IloamunHOMM OopTOrOHAIHU Yy
OJHOCY Ha MoAuUKOBaHE
YebuieBreBe Mmepe

CaBpemMena TeopHuja OPTOTOHATHHUX IMOJUHOMa OaBW Ce KOHCTPYKIMjOM H
aHAJIM30M HbUXOBHX HOBHX Kjaca. Y HajBeheMm Opojy ciaydajeBa HCTpazKUBAIN
WHCIUPAIN]Y TPy YIPaBO U3 KJIACHYHUX OPTOTOHATHUX MOJHHOMa. HbuxoBo
VOTIIITABAILE WJIH CETPeraluja Hajuennu ¢y TpUCTYIH Y TPOIECY KOHCTPYKITHje
U MOT'Y Ce CBeCTH Ha HeKH o/ cJjejiehnx HauynHa ujiv Ha HUXOBY KOMOMHAIHU]Y:
n3MeHa Hocava KJIacudHe Mepe niii Mojaudukainja Texknacke pyHkmuje. Tako
cy y pazgosuma [2], [5], [33], [40], [4] pasmaTpane Kjiace OPTOrOHATHHUX MOJIU-
HOMa Ha (pparMeHTHpPaHOM HOCATY Mepe.

Hekwu on maumna moaudukanuje TexKkuHCKe (DYHKIUje JaTH CY Y IPeTX0/I-
HOj TJIaBU. Y OBOM IMOTJIaB/bY OaBWheMO ce MapaMeTpH3aIjoM TeyKUHCKe
dbyukmje jeane ox knacuuHux Mepa. ¥ [27] ayropu cy pasmarpanu MoIu-
dbuxanujy HebumessbeBe Mepe Koja je kacuuje yorunrena y pajy [19]. Mozxepna
UCTPazKMBarha MOTIIOMOTHYTA CY MONHUM KOMILJYTEPCKUM CUCTEMUMA y KOJUMA
CY W CIIeNIHjaJu30BaHU MAKeTH 33 PaJ ca OPTOTOHATHUM MOJTMHOMHAMA U CIHEI-
jamaum dbyakimjama, yommre. Pesyaratu paga [19] y Beaukoj mepu jgo0ujeHu
cy 3axBasbyjyhu ymorpebu mporpamckor makera MATHEMATICA, a HApOYUTO
nporpamckor nakera ” OrthogonalPolynomials” koju je geraspro onucan y [14],
[17].
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3.1. llonmHOMM OpTOTOHAJHU Yy OJHOCY HA MojmdukoBany YebuiieBibeBy Mepy. . .

3.1 IloawmHOMU OPTOTOHAJIHU Yy OJHOCY Ha
MoanduUKOBaHy ebuineB/beBy Mepy
IIpBE BPCTE

Heka cy natum 6pojesu n,s € N, n > 2, u mepa
(3.1)

e je Tn(x) = To(x)/2"' = cos(narccosz)/2"' monnunu ebuienbes
IIOJIMHOM IIpBE€ BpPCTE T-TOI' CTEIleHA. OBa Mepa reHepuilne HUu3 OPpTOroOHaJIHUX
MOJTMHOMA

() = p (@ du™), k€ No,

~

3a KOju 3HaMO na je py® = p, = 1,. Ersucrennuja oBor HH3a IOJIHHOMA je
ocurypana jep je du™*(x) nosuTuBHa Mepa.

VY [27] ayTopu cy pasmarpasiu crenujaian ciydaj s = 1 u qokazanu ciesehy
TeopeMy, Koja he 6utu KopumniheHa y JoKa3y IMTABHOT pe3yJTaTa Kao 0a3a WH-
JIYKITje.

Teopema 3.1.1 3a ceaxo n > 2, noaunomu py(x) = pp(x;du™), k € Ny,
2de je du™(z) = T*(x)/V1 — 22 dz, 3adosomasajy pexypenmmny pesauusy

Pre1(®) = api(z) — Bypp_i(x), k€ Ny,
py(z) =1, p’y(z)=0,
npu wemy je

( ™

Jan1> axo je k =0,
1 (—1)k/m .
Z 1—m s cmoyekEO(modn)(k;éO),

L, e e k=1 (mod
Z( +m), aKo je v = (mo n),

uraue.

,
N

['naBHUM pe3ysTaT 0BOr TOTJIaB/ba je yorriTeme Teopeme 3.1.1 garo y pary

19].
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3.1. llonmHOMM OpTOTOHAJHU Yy OJHOCY HA MojmdukoBany YebuiieBibeBy Mepy. . .

Teopema 3.1.2 3a cearon,s € N, n > 2, noaunomu py,*(x) = p°(z; dpu™®),
k € Ny, 3a00605a6ajy mpounrany peKypenmmuy pesayusy

P () = zp(2) = B,7°p5 (2), k€ No, (3.2)
Py (@ )fl pn’f( ) =0,

ca
n,Ss 7T 28
0o = 22ns S
usskeN
( k
CEEE ako je k =0 (mod 2n),
k+2ns—1
= - ek=1 d2
4(k+ns—1) e e (mod 2n),
s k+2
" — ﬁ, axo je k =n (mod 2n), (3.3)
- = 0
4(k+ns—1) ane e " e,
1
T uHaye.

Jokas. TlpernocraBumo 1a je 3a cBako n,s € N, n > 2, un3 {p,” }ren,

nedunucan ca (3.2), npu gemy je 5,°° naro ca (3.3). Ounrieno, cBaku p;”° je
MOHUWUYAH ITOJIMHOM.

Oupesumo najupe koedbuuujenr 337, Tlo pedunnuuju umamo

s ms 1 Ocos®*nt, . 1 [
o — Mg = 22(TL—1)8 /ﬂ' . (— S1in t)dt = m/o cos”® ntdt.

mt —int
n,s +e
° / ( ) o
0

2s

" 2s i nt —i(2s—j)nt
(n—1 s+23/0‘ Z < ) ’ § & d
Jj=

2s
T 2
— < S> —2i(s—j ntdt
T2 0 J

Jj=

Hasbe ciegn
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3.1. llonmHOMM OpTOTOHAJHU Yy OJHOCY HA MojmdukoBany YebuiieBibeBy Mepy. . .

1 2s 2 T
= Sons > (JS) / e~ Zils=antqy
0

=0
B 1 i (28) 1— 672i(sfj)n7r
22ns = J 2i(s — j)n

o 2s
_22ns S !

VY mactaBky m3ocrapulieMo apryMeHT HOJIMHOMA paju ynporrhema u mpe-
reanocTH m3pasa. Tako hemo, ma mpmmep, ymecto T, (z)?pys (x) mucartn

A~

2 n,s
np2nk'

3a HacTaBak J0Ka3a K/bydHA je TaYHOCT TBphema McKazaHuX cjeaehnm
penarujama 3a k € Ny :

~9 n.s nos—1 (2k+2s—2)2k+2s—1) , . )
nPonk = Pon(k1) 2 Ponk
2202k + s —1)(2k + s)
72 n,s n,s—1 k+s n,s—1

nPonkss = Ponist)+s © 95512k 1 5) 2k + 5 + 1)L 20D
(2% + 25 — 1)(2k +28) 0
P2k 452 Pkt T L....n—=1,
T2 n,s _ n,s—1 + (2k + 28) (2k + 25 + 1) n,s—1 > (34)
annk+n - p2n(k+1)+n 22n(2k' 4 S)(Qk’ s+ 1)p2nk+n7

2.n,s _ n,s—1
nPoank+nti = Pon(k+1)+n+j

2% + 25 + 1 et

T 222k + 5+ 1)(2k + 5 + 2) k)0
(2K +25)(2k + 25 +1) oy

221 (2k + s + 1)2 Ponketn+jo

~,

j=1,....n—1.

/

Byunyhu ga vus nosamnoma ca JieBe crpane jejHakoctu y (3.4) odmriieiHo
3a/I0BOJbaBa peJialnjy

2 n,s 72 m,s n,SA2 M,S A2, MyS n,s n,s n,s \ __
ooy — Tpp” + B Ty = T (ol — ap” + B0°pp"y) = 0

3a cBako k € Ny, ocraje ma mokaxkemo Ja HEU3 JeUHUCAH JECHOM CTPAHOM
jemnakocru, perumo {g;tieny, v (3.4) 3am0Bos/baBa ncTy peaanmjy, Kao u Ja
T2pns _ o R s

Ja 6ucMo nmokasaau jegHakocT ¢i11 — xq; + [5;7°¢i—1 = 0 3a cBako i € N,
pasimkoBahiemo ocam coiydajesa.
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3.1. llonmHOMM OpTOTOHAJHU Yy OJHOCY HA MojmdukoBany YebuiieBibeBy Mepy. . .

Cnyuaj 1: ¢ = 1 (mod 2n).

Y oBoM ciydajy Tpeba a MmoKaxKeMo Jia je u3pas3

n,s—1 k+s n,s—1
Pontet1+2 932k 1 5)(2k + 5 4 1) 202
(2k + 25 — 1)(2k +25) ,
2(2h 4 5)2 L2k
n,s—1 k+s n,s—1
<p2n(k+1)+1 + 2(2k + 5)(2k + 5 + 1>p2n(k+1)71

(2k 425 —1)(2k +25) 51
202k +5)? bich)
2k + 2s < moet - (2k 425 —2)(2k + 25 — 1) n,5_1>
22k +5) 2 T om0k s — )2k +s)

jennak mynu. Kako eKkBuBaJieHTHU OOJIUK IJIaCh

n,s—1 n,s—1 + ﬁns 1 n,s—1
Pongrrny+2 ~ TPankr1)+1 T Poner1)+1Ponk+1)

2k+28 n,s—1 n,s—1 n,s—1 n,s—1 n,s—1
- 22(2k + s) 6271(1@—}—1 Pan(kt1) T TPap(k41)— 62n(k+1 —1Pon(kt1)—2

<2k+28_1)(2k+28) n,s—1 n,s—1 n,s—1 mn,s—1
22n(2k + 8)2 (ank+2 prnk:+1 + ﬂan—{-ponk )7

TBpheme jeJHOCTAaBHO 3aKJ/bydyjeMo.

Cayuaj 2: i = j (mod 2n), j =2,...,n— 2.

Y oBOM cilydajy mocMaTpamo u3pas

n,s—1 k+s s
Panitrqi1 T 221 (2k + 5)(2k + s + 1) Pan(i41)-;
(2 + 25 — 1)(2k +25) o1
2 (2k +5)2 L nktiel
n,s—1 k+s n,s—1
(p n(l 1)+ 92 Y2k + s)(2k + s + 1)p 2n(k+1)=)
(2k + 25 — 1)(2k +25) ot
o (2k +5)2 | 2"k+f>
nys—1 k+s nys—1
4B+ 32k + 5)(2k + 5 1 1) P 2okt
(2k + 25 — 1)(2k +25) oy
221 (2k + 5)2 p%kﬂ'—l)'
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3.1. llonmHOMM OpTOTOHAJHU Yy OJHOCY HA MojmdukoBany YebuiieBibeBy Mepy. . .

Y eKBUBAJIEHTHOM OOJIUKY TJIACH

n,s—1 n,s—1 + ﬁns 1 n,s—1
Pon(kt1)+j+1 — TPop(kt1)+ o (k+1)+1P2n (k1) +j—1

+u n,s—1 xnsl +5nsl nsl
ks \P2n(k+1)—j+1 — TPon(k+1)— 2n(k-+1)—jP2n(k+1)—j—1

(n) [ n,s—1 n,s—1 n,s—1 n,s—1 o
+vks Ponk+jr1 — ponk+]+ﬁ2nk+Jp2nk+j 1) =0,

re je
ks 2212k + 5)(2k + s + 1) ke = 227 (2k + s)?
JacHo je Jia je nmpeTxo/Hu u3pas jejHaK HYJIH.
Cayuaj 3: i =n — 1 (mod 2n).
Cajta mobujamo
n,s—1 + (2]{‘ + 28)(2k + 2s + 1) n,s—1
p2n(k+1)+n 22”(2]€+8)(2k—|— s+ 1)p2nk+n
k + 5 n,s—1

n,s—1
<p2n(k+1)+n 1 + 92n— 3(2k + S)(2]€ + s+ 1)p2n(k+1)—n+1
(2k + 25 — 1)(2k +25) pyos
n 2 p2nk+n—1>
220 (2k + s)
n,s—1 k +s n,s—1
"1 (p an(k1)yin-2 F 902k T 5)(2k + 5+ 1)) 20kt
(2k 425 —1)(2k +25) 1 >
22n(2]€ + 8)2 p?nk+n—2 ’

IITO MO2KEMO HaIlluCaTHU KaoO

n,s—1 n,s—1 +ﬁns 1 n,s—1
Pon(k+1)+n — TPon(k41)+n—1 20 (k+1)+n—1P2n(k+1)4n—2

(n) n,s—1 n,s—1 n,s—1 n,s—1
+ Uy (an(k+1) nt+2 ~ TP (kt1)— n+1+ﬂ2n(k+1)fn+1p2n(k+1)fn>

n) [ n,s—1 n,s—1 n,s—1 n,s—1
+Uks p2nk+n xp2nk:+n 1+62nk:+n 1p2nk+n 2

na je ce jeqnako wyau. Cana je

u(n) . k+s " ’U(n) . (2]€ + 25 — 1)(2]€ + 28)
s 0232k 4 5)(2k + s + 1) ks 2202k + s)2
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3.1. llonmHOMM OpTOTOHAJHU Yy OJHOCY HA MojmdukoBany YebuiieBibeBy Mepy. . .

Cnyuaj 4: i = n (mod 2n).
Onrosapajyhu u3pasu 3a 0Baj Caydaj MOCTajy
n,s—1 2k+25+1 n,s—1
Pon(k+1)+nt+1 — A2k +s+ D)2k + s+ 2>p2n(k+1)+n71

2k +2s)(2k +2s5+1) 4
92 (2k + 54 1)2 | 2nkinl
n,s—1 <2k + 28)(2k + 2s + 1) n,s—1
<p 2n(k+1)4n 22n(2k + 5)(2k + s + 1)p 2”’””)
2k +2s+1 [ ;59
m<p2n(k+l)+n 1
k + 5 n,s—1
220-3(2k + 5)(2k + 5 + 1)72n(kD-nt1
(2k+25s —1)(2k +2s) 1
22n<2]€ + 8)2 p2nk+n—1)7

+

KOje MOXKeMO HaIucaTH y OOJUKY

n,s—1 n,s—1 _i_ﬁns 1 ns 1
Pon(k+1)+n+1 — TPkt 1)+n T Pon(er1)4nPon(k+1)4n—1

(2k +28)(2k + 25+ 1) [ o I
222k + s)(2k + s+ 1) (ank+n+1 TPy in T BomirnPomptn— 1) — 0.

JacHo je /1a je MpeTXOaHU M3pa3 jeTHAK HYJIH.

Cayuaj 5: i =n + 1 (mod 2n).
Y 0BOM ciIydajy mMaMo
n,s—1 2k +2s+1 S
Pon(kt1)tnte T 202k + s+ 1)(2k + 5 + 2)p2n(k+1)+n 5
(2k+2s5)(2k +25+1) ,
Pn(2% 5+ 1)2  L2mkine2
n,s—1 2k +2s+1 s 1
<p2n(k+1)+n+1 22k + s+ 1)(2k + s + z)pgn(kJrl)Hl,l
(2K +2s5)(2k +25+1) , 1
22n(2k + 5 + 1)’ p2"k+n+1)
N 2k +1 (pns N (2k +25)(2k + 25+ 1) el )
22(2k + 5 + 1) \" 2n(etDtn T 9209k 1 5)(2k + 5+ 1) 20kt
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3.1. llonmHOMM OpTOTOHAJHU Yy OJHOCY HA MojmdukoBany YebuiieBibeBy Mepy. . .

_nsl n,s—1 +Bn81 n,s—1
Pon(k+1)+n+2 ~ TPon(kt1)+n+1 T Pontkr1)+n+1L2n(k+1)+n

_ n,s—1 n,s—1 _|_ﬁns 1 n,s—1
Uk,s \ Pon(k+1)+n — TPon(k+1)+n—1 2 (k4 1) +n—1P2n(k+1)4n—2

n) [ n,s—1 n,s—1 n,s—1 n,s—1 o
+ Uk ] p2nk+n+2 prnk+n+1 + 52nk+n+1p2nk+n - 07

rie je

2k +2s+1 RO (2k + 2s)(2k +2s + 1)
2k +s+ D)2k +s+2) = ks T T 22k 154 1)2

Ug,s =

Cayuaj 6: i=n+j+1 (mod2n),j=1,...,n—3.
Cata mmamo u3pas
n,s—1 2k+23+1 n,s—1
pZn(k+1)+n+j+2 + 22(j+2) (2]{3 4+ s+ 1)(2]{7 + 5+ 2)p2n(k+1)+n j—2

(2k +25) (2% + 25+ 1) sy
22n(2]€ + 5+ 1)2 p2nk+n+j+2

n,s—1 2k + 2s + 1 n,s—1
<p2n(k+1)+n+j+1 22(j+1)(2]€—|—8—|— )(2k+8+2)p2n(k+1)+n j—1

(2k +25)(2k + 25 + 1) 4
2202k + 5+ 1)2 p2”k+”+j+1>
nos—1 2k+2s5+1 nos—1
+ Z(an(k-i-l)—‘rn—l-j - 2% (2k 4+ s+ 1)(2k + s + 2)p2n(k+1)+n—j
(2k +25)(2k + 25 + 1)
22n(2k + 5 4 1)2 p2"k+"+ﬂ‘>’

KOjU Ce CBOJIU Ha

n,s—1 :L,nsl +ﬂnsl n,s—1
Pon(kt 1) tntjte ~ TPon(kt1)tntitt 2 (k+1)+ntj+1P2n (k1) +ntj

n,s—1 n,s—1 n,s—1 n,s—1

()
uks (an(lc+1)+n —J xp2n(k+1)+n —j—1 +52n k+1)4+n—j— 1p2n(k+1)+n —j— 2>

_'_() n,s—1 n,s—1 +ﬁn81 n,s—1
Ui s \ Ponktntit2 — TPonktntjt1 onk+ntj+1P2nk4n+j )

U JeJHAK je HyJU jeJTHOCTABHOM aHAJM30M CBAKOT pejla IPEeTXOIHOT u3pasa. ¥
OBOM CJIyJa]y je

G) _ 2k +2s+ 1 (n) (2]{5 + 28)(2]{? + 2s + 1)

Yhe T P20kt s+ )2k +s+2) ke 2202k + s+ 1)2
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3.1. llonmHOMM OpTOTOHAJHU Yy OJHOCY HA MojmdukoBany YebuiieBibeBy Mepy. . .

Cnyuaj 7: i = 2n — 1 (mod 2n).

Kaxko ce
sl 2k +2s)(2k +2s+1) 1
2n(k2) T 922k 4 5 4 1)(2k + 5 + 2)7 2D

nos—1 2k+2s+1
(an(k+2)

n,s—1

220—1(2k + 5 1 1)(2k + 5 + 2) 20+ +1
(2k +25)(2k + 25 + 1)
22n(2k + s +1)2 p2n<k+1>—1)
—|—1<p"51 n 2k +2s+1 el
A \Ponler2)=2 T 9on 20k s 1 1) (2K + 5 4 2) 2D+

(2k +25)(2k + 25 +1) sy
2n(2k+s+1)2 © 2n<k+1>—2>

CBOJU Ha,
,5—1 n,s—1 n,s—1 n,s—1
Pon(k+2) ~ TPan(k+2)—1 +62n(k+2 —1Pon(kt2)—2
(n) n,s—1 n,s—1 n,s—1 n,s—1
~ Uk s \ Pon(rs1)+2 ~ TPop(ky1)+1 T ﬁZn ket 1) +1P2n(kt 1)
(n) 1 1 1 1
t Ups <p;ns(k+1) TDomtr1)—1 T Bontr1)—1Pom(k11)— 2>

TO je TOCJIeIhe jeJJHAKO HYJIH jep je CBaKH peJl jeJHaK HyJIu. Y OBOM CJIy4ajy
je

(n) 2k +2s+1

L _ S _ 2k 25)(2k 125 + 1)
ks T 9m1(9k + s+ 1)(2k+s+2) b

20(2k + 5 + 1)

)

Cayuaj 8: i = 2n (mod 2n).
CaJta mmamo u3pas
nos—1 E+s+1 ns—1
Pantes2t1 ¥ 901 3 5 1 2)(2k + 5 + 3) 2ol
2k +25+1)(2k+254+2) , .4
2202k + 5 + 2)2 Pon(k41)+1
sl (2k+2s)(2k +2s+1)
- x('p?”(’f”) 2202k + 5+ 1)(2k + 5 + 2)p2”(k+1>>
2(k+1) s 1
4(2k + s+ 2) < 2n(k+2)-1
2k +2s+1 nas—1
T 2212k 4+ s+ 1)(2k + s + 2)p2n(k+1)+1
(2k +28)(2k + 25+ 1) sy
22n(2k + 5 + 1)2 p2n(k+1)—1>7
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KOj! ce CBOJN Ha

n,s—1 n,s n,s—1 n,s—1
Pon(kt2)+1 — TPon(k k:+2) + BQn k+2)Pon(k+2)—1
(2k+23)(2k+2$+1) n,s—1 n,s—1 +ﬁns 1 n,s—1
2202k + 5 + 1)(2k + 5 + 2) \ 2n(kt1)+ ~ TPop (k1) 2n(k-+1)P2n(k+1)—

7 jeTHAK je HYJH jep je CBaKW pejl jeTHAK HY/IH.

Cajta hemo nokasaru cieehy jeanakocT

72 pgﬂ%@;;g?igl) (3.5)

[Tosnaro je ja 3a monuune Yebuiies/bese nogunome npee spere 1), Baxku T2 =
1/22=1 4+ T,,. Kopucrehn pekypenTny penamujy 3a JeGuiienbene moanHOMe
Twi1 = 2T, —T,_1/4 n jennaxoct

s — 14 2s _1+ s
T 4(14s) 4 4(1+s)
J1001jaMo
n,s n,s ﬁns n,s T\ S j-v\
T =apy® = Byt = T — = Ta1,
Pry1 Pn n Pn-1 +1 511 1

~ Sx -~ S =
S TS OThS  ns - T —T,.
Prto = TPyt — Bnialy n+2 4(s+1)"" 1 4(s+1)""

Axko o3HAUUMO ca

S -~ ST ~ S -~

L Y.
TEEE 1

to=" A(s+1)

MOXKeMO J1a 3aIUIIeMO
n,s __ m
Ppyr = Tk + uk_1,

rje Hu3 noauHoma ug, k = 0,...,n — 1, 3a10Bo/baBa pealmjy
1
Ug+1 = TUE — Z—lukq-

[IpumenoMm MaTeMaTHIKe HHIYKIHje JTAaKO MOXKEMO JIa TMTOKazKeMO J1a BarKu

S ~ A~

= (UyTho1 — UpnT)),
Ug 4(5—1—1)( k 1 k—1 )

rie je Up Monnuan YeOuineB/beB MOJTUHOM JIpyre BpcTe k-TOr CTeleHa.
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Cama nmamo

~ A~ A~

(Un—lfn—l - Un—QTn)

n,s:fn n— :fn_—
Pan on T Un—1 2 511

-~ s 1
4 (s 4 1) 2203

OIaKJIe CJIeIN

s _ o 1 5 1 _ 7o 1 2s+1

Do, = 4y 92n—1 - s 4 192n-1 n 22n-1 s+1 )

mTo je 3anpaso (3.5) 3a s := s+ 1.

Tpeba 1a MOKazKeMo Ja je Aﬁp’f’s = ¢;. mamo

n,s—1 + 1 n,s—1 2s — 1 n,s—1

G = Popy1 mpznq + S 1P
1 25 —1
n,s—1 n,s—1 n,s—1 n,s—1
=Py,  — Ba) Pop1 T mpznfl + mx
o xpn,sfl . 1 pn,sfl + 1 pn,sfl + 28 — 1.T
n 2(s + 1) T 2(s 4 1) T 221

Ocraje na ce nokazke oproronananoct nusa p,°, k € No, 3an,s € N, n > 2.

Caga kopuctumo maremarundky uujAykinujy no s. Coydaj s = 1 je yo-
. n,s—1
paBo Teopema 3.1.1. Ako mpermocraBuMo Ja je 3a n,s € N, n > 2, p,° 7,
k € Ny, HU3 MOHHYHUX TOJUHOMA KOjU je OPTOTOHAJAH Y OJHOCY HA TEeXKWH-
cky byukmujy w™*~! omga oproromammocr musza p,°, k € Ny, jemnocrasmo
cJean u3 peﬂaup{je w™* = T?w™ L. Tlocse muoxema penanuje (3.4) ca oiro-
Bapajyhum p°"" u unTerpasbemenm obe crpane jeHakocTn J06ujamMo

1 1
n,s, n,5—1_ n.s . 72, n,s, n,s—1_  m s—1 -
/lpmpj w dx—/lTnpmpj w dz = 0.

OBuwMm je j10Ka3 3aBPIIEH. ]
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3.1. llonmHOMM OpTOTOHAJHU Yy OJHOCY HA MojmdukoBany YebuiieBibeBy Mepy. . .

— =
0.5

— n=1

n=2

0.0

— n=3

— n=5

10+ B

T T T S TS SR
-1.0 -05 0.0 0.5 1.0

Cauka 3.1: I'pacdunu noaunoma, pi’z(x), k=0,1,2,3,4,5

ITpumep 3.1.1 [IpBUX HEKOJIMKO HOJHHOMA p2’2($) n pi’4(:v) OpPTOrOHAJI-
HUX Y ogHOCY Ha Mepy (3.1)3an =3, s=2un=2, s=4 pegom cy:

poi(x) =1,
Py (x) ==,
1
3,2 _ .2 L
p2 (.CC) =T 27
3
pg’Q(I) = ZL'3 - Z__LI7
7 5)
pi’Q(-??) =t - 6952 + BYE
5 13
W) =2 - Tk o
3 9 5
p3’2(x) I P L

327 64 256
9 . 27 61 21
s _ 9__7 _5__3 e
Py (v) =27 — a4 e’ = oot + o
0 _ 13 s+ﬂ 6 37 4, 371 , 7

57 TR0 T 10" T o607 T 1024
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3.2. llonmHOoMM opTOTOHAJHY Yy OJHOCY HA MojmdukoBany YebuiiieBibeBy Mepy. . .

— n=0
05H

— n=1

— n=2

0.0

— n=3

05| 1 —ns

— n=5

19
p§’4($) - Ig - 2_01:7
1
p4214($> = 1'4 - $2 + E7
13 5
i =at - By 2

31 3 1
2.4 8 6 4 2
3 — _2 _ o -
Py (x) ==z T +28x 28:6 +896’

17 . 43 . 101 97
2,4 — 9__ 7 oY 5__ 3 et
Py (z) =" = grt 4 gor” = TRttt e

5 67 41 171 3
p%b4(33) _pt0 2,84 206 4 2

5" T3 Tea” T assa” T 768

a HUXOBN rpaduly cy NpuKa3aHum Ha cankama 3.1 u 3.2.
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3.2. llonmHOoMM opTOTOHAJHY Yy OJHOCY HA MojmdukoBany YebuiiieBibeBy Mepy. . .

3.2 IloamHOMU OPTOTOHAJIHU Yy OJHOCY Ha
MoanduUKOBaHy ebuineB/beBy Mepy

Apyre BpCTEe

Koncrpyuiremo HU3 TOJTHHOMA, ﬁk, k € Ny, opToronaaan y oJJHOCY Ha MO/~
dukoBany YebuieB/beBy Mepy JIpyre BpCTe

R z+ic+l
dpi(z) = —2—V1—2? dz, z€[-1,1],
SC+§C+%

rjie je ¢ MO3UTHBaH peaJsiaH Opoj. [lakie, u3ydaBaMmo IOJUHOME OPTOrOHAJIHE
Yy OJHOCY HA MOMEHT-(PYHKIIHOHETY

1 1.1
L(P) = / Pt 2 e T ae, Pep, (3.6)

1 1
1 $+§C+%

rae je ¢ € R\{0}. Cueunnjasan cayqaj ¢ = 1 pasmarpan je y [17]. [a
OMCMO TI0jaCHUJIN CJIyYaj, HA CJIUIHU 3.3 je MIpuKa3aH rpadukK parnoHaIHOT 1e/1a
TexKUHCKe (PYHKINje 38 ¢ = V2. Kana c Texku ka 1 cunryiaputer panuoHa THOT
nesia Tk Ka —1, Kaja ¢ npohe 1 cuurymapurer Texku Ka —oo. Ilormnyno cu-
MeTpu4Ha cuTyanuja Hactaje 3a ¢ < 0. Hamwme, craBmajyhu ¢ := —c, u mocie
cMeHe T (= —x, Jo0ujaMo ucry JimHeapHy (DYyHKIUMOHEJY, 114 Ha/la/be pa3Ma-
Tpamo camo caydaj ¢ > 0. Hysa panmonasiHor jesa je yBek 1o Mo/y/1y Beha
0/ CHHTYJIAPUTETA.

Y

Cauka 3.3: I'paduk panmonassor jena rexute y (3.6)
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3.2. llonmHOoMM opTOTOHAJHY Yy OJHOCY HA MojmdukoBany YebuiiieBibeBy Mepy. . .

[TocmaTpamo MoanduKOBaHY Mepy

dp(x) = - :g\/l —22der, ze€[-1,1],

T

rje je v = —%c — % uo= —%c — i Pemasamo mpobsiem Hajiaxkema Koedu-

IUjeHaTa y PeKyPeHTHO] pesianuju oy = o (dp), B, = Br(dpi), suajyhn na cy
koeduiujenTu 3a HYebuienbeBy Mepy apyre spcre ap =0, B, = 1/43a k € N
n :O, 60 :7T/2

Hus oproronanuux nosunoma Py, k € Ny, nocroju 6yayhu 1a je mepa dji(zx)
no3uTuBHA Ha [—1, 1] U Ja MMa KOHAYHE CBe MOMEHTe

1 1 1
L(z") = / xk%vl — a2 dz, keN,.
1 T+ 5CH+ 5
[Ipobem pemaBamo y jBa Kopaka. IIpBo, mocmarpamMo MoauduKamjy
Yebumenmese Mepe IpyTe BpeTe JesberheM JHHeapHHM (haKTOPOM, IPH deMy
kopuctumo Ajropuram 1. Ha taj mauun pobujamo koedunujenre oy u (.
Barum npumemyjemo Ajropuram 2 3a oapehuBame KoedunujenaTa y 0lHOCY Ha
MojiudUKOBaHY Mepy Koja HacTaje MHOXKeHmeM JinHeapHuM (akropom, dji(z),
U KOHAYHO J00MjaMo Qi 1 Bk, 3a k € Ny.

Chunune TexkuHcKe DYHKIHje, KAO IITO Cy HA IpUMEP

(1—2%)(1 - k2?2 k<1,

cy m3yuasane y [67]. Takohe mocroju Bequku Gpoj pesysnraTa 3a TAKO3IBAHE
Cere!-Bepnmrajn Texkuncke GyHKIHje gare ca

wi) = AL uale) = pleVI=, wale) = ple)y 1

[IPU YeMy je p MOJTMHOM KOju je nosutusan Ha uHTepBaty (—1,1) (Bugern [69)],
[9]). Camuna Texuncka GyHKIHja
V1—2?
w(z) = T M <1,
takolje je nsyuabana y [34]. 3a Yebuiies/peBy Mepy mpBe BPCTE HCTa MO/IH-
dbukanumja je mpoyuasana y [37]. Konauno, y [5] mory ce nalin coamdann pesysi-
TATH YaK U 3a CJydaj KaJa HOCAY Mepe HMa JBe JHUCjYHKTHE KOMIIOHCHTE.

LGébor Szegé (1895-1985), mahapcku Maremaruyap.
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3.2. llonmHOoMM opTOTOHAJHY Yy OJHOCY HA MojmdukoBany YebuiiieBibeBy Mepy. . .

3.2.1 JIuHeapHm OeJnoIu

Pasmarpamo moamdukoBaHy mMepy Koja ce 100Huja je/berheM JINHeapHUM
daxTopoMm

1
dﬁ(x):mvl—xzdx, rel[-1,1, 0eR\[-1,1],

lo_ 1

rie je 0 = —3 50+

[a 6ucmo Morn a mpuMeHuMOo MoauduKanuorn Aaroputam 1, HeomxoHa
Ham je BpejnocT KomujeBor nnrerpasia

po(é):/léix\/l—ﬁdx, d e R\ [-1,1],

KOjU M3padyHaBaMo y cJjejiehoj jemu.

Jlema 3.2.1 Bpedrnocm Kowujesoz urnmezpana je

po(é):/_lléix\/l—:c2 de = (V&2 —1+0)m.

oxa3. Kopuctehu npyry OjepoBy* cMeny — x* = 1+ mx, nobujamo
pul K h Oj 2 V1 2=1 ouj

2m 2(m?* — 1)
r=——— do=————-Zdm.
1+ m?2 (1 +m?)?

Cazna nmamo

/51 \/1—x2dx:—2/
—x

(m? — 1)?

GomE + 2m o)+ ma)y

OBaj mHTerpaJ MOXKeMO U3padyHATH Kao MHTerpaj paluoHaHe (byHKIHje.
Jlasbe nmamo

(m? —1)? 0 2m N 1— 42
(6m2+2m+8)(1+m2)2  1+m2 (1+m2)2  m2+2m+45

Ocrarak joKa3a je caja OduraeaH. [

[Ipe mero mrro mokazkemo ciaemaehy reopemy majemo Asnropuram 1 xkoju hemo
KOPHCTUTH y JoKa3y Teopeme 3.2.1. Oba moauduKkaimmona aaropuTMa MOTy ce
nahu, na upumep, y [27, crp. 123-129].

2Leonhard Euler (1707-1783), mBajuapcku MaremMaruyap 1 dpuspaap.
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3.2. llonmHOoMM opTOTOHAJHY Yy OJHOCY HA MojmdukoBany YebuiiieBibeBy Mepy. . .

Anropuram 1 (Mogudukaruja TuHEAPDHUM JTETHONEM )

Howemmnu ycaosu.

~ Bo ~ Bo
ap =0 — ; = —po(9), == : 3.7
0 p0(5> 60 /00( ) do p0(5> ( )
Uspauynasare: 3a k =1,2,...,n — 1 pauynarn
€h—1 = Qh—1 — 0 — (1, (3.8)
Br = qr—1€x-1,
Q. = Br/ex-1, (3.9)
&k = (qr +ep_1+ 0. (310)

Teopema 3.2.1 Koeduuyujernmu y mpousaHoj pesauuju 3a Mepy

1
di(r) = ——— V1 —-22dr, xe[-11],

$+§+%
cy
-~ 1 ~
ag=——, ar=0 3a k>1
2c
u

- -1
50257 Be=—- 3a k>1.
c 4

Joxas. Koedunujenru oy u BO cy U3padyHarTd JUPEKTHO mnomohy (3.7).
Takole, KopucHo je u3pauynaru koedunujeare o u 1 Kao ba3y MaTeMaTHUKe
nuaaykiuje. [Ipumenom Anropurva 1 3a k= 1 mobujamo

~ ~ 1
O[1:0, 51:_~

Ocrarak j0Ka3a Cjaejd NpUMeHOM MaTeMaTudke uHyKnuje. Jlakie, Heka
je TBpheme TauHo 3a k u Tpeba mokaszaTH TavuHOCT TBphema 3a k + 1. Kombu-
nosamseM (3.8) u (3.10) gobuja ce

ar=0=qr+e1+0=q — 0 — qx_1 + 0,

ojaKJe je
qdr = qQk—1- (311)

13 (3.10) caeau

Qg1 = Qhp1 T €k +0 = Qo1 — 6 — @ + 0 = Qg1 — Q-
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3.2. llonmHOoMM opTOTOHAJHY Yy OJHOCY HA MojmdukoBany YebuiiieBibeBy Mepy. . .

Kopucrehu (3.9) mobujamo

1
Qrk+1 = 4_a
au3 (3.11)
€ = €Ck_1- (312)
Cana je
~ 1
k=7 — G =qr — ¢ = 0.
€L—1

I3 (3.11) u (3.12) caenn

~ 1
Brt1 = Quer = Qr—1€5—1 = 7

4quMe je JIOKa3 3aBpIeH. UJ
3.2.2 JIuneapHu daKkTopu

[TocmaTpamo moaudukanmjy Mepe JuHeapHuM (haKTopom
dﬁ(l’) = (Zl?—")/)dﬁ(ilf), T [_171]7 VGR\[_LH)
rie je v = —%c— .

IIpe nero mro npeacrasumo Anroputam 2, Tpeba Ja HALJACHMO Ja Yy OBOM
aJrOpUTMY KOpUCTHMO Beh m3padyHare koedunujeHre oy u [y 1a 6Gucmo uspa-
qyHa M KoebUIMjeHTe Y TPOUJIaHO] PEKYPEHTO] pejauju 3a mepy di(x), ay
u 319; k € Np.

Anropuram 2 (Mogudukanuja suneapaum GakTopom)

Hovwemnu ycaos:

€_1 = 0.
Uspauynasarwe: 3a k=0,1,...,n— 1 pauynaru
Q= QO — €x—1 — 7, (3.13)
ﬁk = (&0 — ’y)ﬁo 3a k= O,
B = qrex—1 32 k>0, (3.14)
ex = Brv1/ (3.15)
ap =5+ qr + ex. (3.16)
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3.2. llonmHOoMM opTOTOHAJHY Yy OJHOCY HA MojmdukoBany YebuiiieBibeBy Mepy. . .

Teopema 3.2.2 Koeduuyujernmu y mpousaro] pexkypenmmoj pesaruju 3a

MePY
N T+ <41
dpp(z) = —2—5V1—22 dz, z€[-1,1],
x + 5 + %
cy
. Apg"
ap = — , k€ Ny, 3.17
‘ (1 +pg®)(1 + pg™tt) ’ (3.17)
U
~ (T4 pd" ") (A +pgth)
= k€N, 3.18
2de cMO 03HAYNUAY
ct+4 A+4-c 24—t 44

A pu— y pu— —, pr— .
c2+c+Vct+4) P Vet +44 2 K 2+ 2+ Vet 44
Joxas. Tlokazahemo ja je

B 2+t -V +4 1+pg-
B 4c 1+ pghtt’

(8 k € Ny, (319)
OJIAKJIe OCTATAK JIOKA3a OB TeopeMe CJIeJH TUPEKTHO. JI0Ka3 M3BOIUMO MpHU-
MeHoM MaTemaTndke nayknuje. 3a k = 0 uz (3.19) mobujamo eq = ¢/ (2 +2¢?)
mTo Takohe MozkeMo gobutu u3 Asnropurma 2 crapmpajyhu ga je k = 0. dakue,
Heka je TBpherbe Tauno 3a k — 1. 113 (3.13) u (3.15) caemu

1/4 1

. qr 4(ep—1+7) (3.20)

Esiementapuum padyHoMm j106mjamo

4<2+C2—\/C4+41+qu_1 c 1)_ 4c 1+ pght!
dc L+pg* 2 ¢/ 24— +4 1+pgh

3pa3 Ha jeCHOj CTpaHU IPETXOHE jeJHAKOCTH je 1/ey, 1mTo ce ynpaso u
TBpARI0 y (3.20).

I3 (3.14) u (3.15) caenn

5 Bk Leg
Bk = qrex—1 = €r—1 = 1 e
k €k
mTo je 3ampaso (3.18).
Cana, (3.17) je mupekTHa nociaemuna (3.16) u (3.19). O

Ha xpajy osor mornassma, y caenehie jpe Teopeme JajeMO eKCIUIMIUTHA
u3pa3 3a HU3 HoJuHOMA P,.
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3.2. llonmHOoMM opTOTOHAJHY Yy OJHOCY HA MojmdukoBany YebuiiieBibeBy Mepy. . .

Teopema 3.2.3 Hus noaunoma opmozonanrar y oduwocy wa mepy dp(x)
MOIIce ce Uu3Pasumu nomony

Py(x) = Ug(x) — GoUp_1 (),

2de je ag = —1/(2¢), a U, je Qebuwesmwes nosurom dpyze epcme n-moz cme-
newa.

Joxas. Tepheme je tauno 3a k =1 u k = 2. 3aucra, umamo

Pi(z) = (x — do)Po(x) = z — ap = Ur(2) — aoUs()

Py(x) = (x — a1) Py(x) — BiPo(z) = z(Uy(x) — GoUs(z)) — 51U
= zU(z) — 51Uy(z) — apzUp(x) = Us(x) — apUi(x).
Heka je TBpheme Tauno 3a kK — 1 u k, u Tpeba mga gokaykemo TadHocT 3a k + 1.
Cana je
Poi(z) = (v — ) Pel) — BiPyr ()
= (z — &) (Uk(x) — GoUs-1()) — Bi(Ur—1(x) — GoUp—a())

= (I'Uk(flf) - Bkkal(x)) - 540(95ka1(33) - ﬁkUk72($))
= Uk+1(l’) — &OUk(JI) O

Konauno, MOKeMO J1a H3pa3uMoO JaTH HHU3 IMOJHHOMA P, THPEeKTHO HpPeKo
Yeburens/beBUX MOJMHHOMA Apyre BpeTe U,.

Teopema 3.2.4 Hexa je dfi(z) xeasu-deurumna mepa u v = —3c — *

maxeo da je Pu(v) # 0 sa k € N. Hexa je dfi(z) = (z — v)dji(z). Tada je
mepa dfi(z) makohe keasu-dedpunumma u nosunomu Py, cy monuunu gopmasnu
opmozonasny noauromu y odnocy wa di(x), xoju ce mozy uspazumu nomohy

D i Pn+1('7)~ I~
Pn—i-l(I) ﬁu(’}/) Pn( )

=7
Un+1(z) — aoUp(z) —

Unt1(7) — aoUn(7)
Un(7) — aoUn-1(7)
T —r

(Un(z) — aoUn-1(2))

Jlokas. Jlokaz oBe Teopeme je mocieauna teopeme 1.55 u3 [27, ctp. 38].
O
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3.2. llonmHOoMM opTOTOHAJHY Yy OJHOCY HA MojmdukoBany YebuiiieBibeBy Mepy. . .

IIpumep 3.2.1 IIpBUX HEKOJIUKO IIOJHHOMA ﬁk OPTOTOHATHUX Y OJTHOCY
Ha MoMmeHT-(yHKIHoHeny (3.6) 3a ¢ = V2 cy:

Po(flf) = 1,
Py (z) + L
T) =14+ ——,
! 6v/2
R 1 11
Pr) =224+ —z —
h(x) = x° 4 5\/§x e
. 7 9 3
Py(z) =2+ ——=a* — —1x — ——,
() 3412 177 68v2
~ 3v2 181 11v2 2
P _ 4, 2Ve 3 101 5 1lVz £
(@) =27+ gt = ot = Tt o)
~ 41+/2 34 29+/2 29 35v/2
Ps(x) = 5+—\/_:U4——x3——\/_962+—x+—\/_.
396 33 396 144 6336
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I''taBa 4

IIpumene y kBaapaTypHUM
nmponecuMa u L -anpokcuManuju

4.1 Ksaaparypue dopmyie

Heka je du xomauna mosmTmBHa Bopenosa! Mepa ma peammoj mpasoj R
umju Hocau supp(dup) nma GECKOHAYHO MHOTO €JIeMEHATa ¥ YUjU CBH MOMEHTH
my = fR 2Fdu, k =0,1,..., nocroje u konaunu cy. Kpaaparypna dpopmyna ca
n Tadaka O0JIMKA

[ f@ante ZAkfm+R<f> (4.1

Koja je Tauna Ha CKyny Po,_1 (R, (Paon—1) = 0) je mo3uara kao Layc-Kpucrode-
JIoBa KBajJipaTypHa dopmyna. To je kBajgparypHa dopmyia Koja UMa MaKCH-
MaJTHU aJrebapCcKu CTermeH TadHOCTH dp.x = 2n — 1. IlpBy dopmysry osor
THIIA

/0 Fo)dz = 3" Acf(m) + Ru(f) (4.2)

orkpuo je Kaps @puapux ['ayc nmpe aBa Bexa.

[Tocte Hhytnose? dopmyse o Hymepnukoj uuTerpanuju u3 1676. romune
(mosHaro je n kao Hbyrun-Koyrcoso mpasmio)

/ F()de ~ Qo ZAkf (). (1.3)

'Emile Borel (1871-1956), dbpaHIyCKH MaTeMaTHIap.
2Isaac Newton (1643-1727), enrsecku dpuznuap u MaTeMaTHdap.
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4.1. Kpaugparypue (hopmye

Koja ce 1001ja HHTErpaImjoM oaropapajyher nurepmorannoHor motuHoMa GpyH-
kuuje f(x) y n pazimuntux dukcupannx radaka (4Boposa) Ti,...,T, (Koje ce
najuenthe Gupajy exsuauctantHo y |a, b)), Tayc je 1814. roamue passuo cBoj
YyBEHH METOJ[ KOju JIpacTHYHO 1obosbltaBa FbyrHoB Meron. DByayhum ga je
Bbyru-KoyTcoBa ¢dpopmysna tadna camo 3a IMOJUHOME CTelleHa HajBuiie n — 1,
[ayc je mocTaBuoO MUTaE KOjU MAKCHUMAJIAH aJ1re0apCKu CTeIeH TAYHOCTH MOYKe
na ce nocrurue y (4.3) (1j. y (4.2) crasmpajyhu [a,b] = [0,1]) ako cy uBoposu
Tlye -+ yTpn CJAODOJIHH.

Kako kBajiparypHa cyma

Qu(f) =D Acf(7)

nMa 2n Hemo3HATUX Hapamerapa: Tx, Ag, & = 1,...,n, layc je momao ox
IPETIIOCTaBKe Jia KBaaparypHa dbopmyaa (4.2) Moxke GUTH TadHa 3a CBe ajre-
bapcke moamHOMe cTenena HajBuiie 2n — 1. Ocnamajyhu ce na pagose HbyTna
u Koyrca u cBoj paji o xunepreomerpujckuM paspojuma u3 1812. roaune, ayc
je 1okazao oBaj pesyarar. Tpeda HanmomenyTu aa je ['ayc oapeano Hymepudke
BPETHOCTH IapaMeTapa KBajpaType: UBOpoBe Ty U Texuue Ax, k =1,....n,
3a cBe n < 7 ca ckopo 16 3Hauajuux jgenuMmaanux nudapa. OBo oTrkpuhe je
OWII0 jeTHO O/ HAJ3HAUAJHUJUX YV JEBETHACCTOM BEKY YV OBy HYMepUUKe HHTe-
rpamuje, a MOXK/la U y I1eJI0j] HyMEepUIKO] aHau3u. laycoBe pesyjrare je 10
dopmu nojearocraBuo Jakoou 1826. roamne. VY geBeTHaecTOM Beky [aycose
KBaJpaType cy JeTasbamje paspahusaim Memxep?, Pamgay?, Xajue®, Kpucroden,
uta. Oneny rpemike n KOHBepreHiujy cy mpokazaau Mapkos u Ctuitjec.

MojiepauM je3uKOM pedeHo, TJIaBHU pe3y/iTaT oBe Teopuje ryiacu: Heka je
dp(r) nosurusHa Mepa Ha R ca KOHAYHMM WM HEOIDAHUYEHUM HOCAUEM UHjU
cBu Momentn my, = [ a*dp(z), k € N, nocroje n konadnu cy u mg > 0. Taza,
3a cBako n € N, nocroju Tayc-Kpucrodenosa ksagparypua dhopmyna (4.1) ca
n Tavaka Koja je TadyHa 3a cBe ajrebapcke nosumHome crenena < 2n — 1, T1j.

R,.(f) =0 3a cBako f € Pa,_1.

Caenehy Teopemy jo0ka3ao je Jakoou 1826. roaune.

Teopema 4.1.1 3a damu npupodan 6poj m (< n), keadpamypra dopmyaa
(4.1) uma anrzebapcru cmenen mawnocmu d = n—1+m ako u camo aKo 6aicu:

1° gopmyaa (4.1) je unmepnosayuona;

3Gustav Ferdinand Mehler (1835-1895), memaukn mMaremMaTuaap.
4Jean Charles Rodolphe Radau (1835-1911), acrporoM 1 MaTemarndap pohen y IIpycuju.
®Heinrich Eduard Heine (1821-1881), nemaukn MaTeMaTudap.
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4.1. Kpaugparypue (hopmye

2° noaurom wy(x) = (x — 1) -+ - (r — 7,) 3adosonwasa
(p,wn) = /p(x)wn(x)dp(x) =0 3acee pE€Pp_i.
R

[Ipema 0B0j Teopemu, KBajparypHa dopmyia (4.1) y oJHOCY Ha TO3UTHBHY
Mepy du(x) uma MakcuMaTHU aareGapeKu CTeeH TAYHOCTH 2n — 1, Tj. Bpej-
HOCT M = n je onTuMaJHa. Bpeanoctu m > n uucy moryhe. 3amcra, 3a
m =n+ 1 6u, 300r 2°, MoJIMHOM W, MOpPao OUTHU OPTOrOHAJIAH HA CaMOM celu,
mTo je Hemoryhe.

Kana je m = n — 1 umamo layc-PagayoBy dopmyry (jenna o Kpajmux
Tavaka WHTepBaIa @ Win b je yKJbydeHa y CKyIl YBOPOBA), JIOK 3a M = N — 2
umamo Layc-JTobarosy® dopmyny (11 =a u 7, = b).

Y caydajy m = n u3 ycaoBa opToroHagHoctu 2° teopeme 4.1.1 cieanm ma
MOJIMHOM W,, MOPa OUTH MOHUYHU OPTOTOHAJHU MOJTUHOM T, ¥ OJHOCY HA Mepy
dp. Hakne, usoposu [aycoBe kBajgparyptae dhopMy/ie ¢y HyJie MOHUIHOI OPTO-
roHasIHOT (MJIM OPTOHOPMEpPAHOT) TosMHOMa ¢,y oanocy Ha mepy du. Texknne
ce Mory mpeJcTaBuTu y cjejehem obyinky

-1

n—1 9
A, = Zpl,<t,gn)> , k=1,...,n.
v=1

[Tpema tome, cBe texune Ag, k = 1,...,n, cy nosurusne. Jlakje, Baxu
caejeha Teopema.

Teopema 4.1.2 Iapamempu [aycose weadpamypne dopmyne (4.1) y 0dno-
cy Ha nozumuehy mepy du cy

T = t,gn), A = Mg = )xn(t,(gn);du), k=1,...,n,

mj. M6OPOGU CY HYAE OPMOLOHAANH02 NOAUHOMA Ty (x; dpt), a mescune cy 0dzo-
sapajyhu Kpucmodgenosu 6pojesu.

3a HyMepruKy KOHCTPYKIMjy aycoBux KBaapaTypHuX (HopMmyJa mocToju
BHIIIE METOJIA, & CBaKaKo HajinozHatuju je meton LomyGa’ n Bemua ([36]). Hou-
XOB MeTOJ je Ga3upaH Ha ofipehuBamy CONMCTBEHNX BPEJIHOCTH W MPBUX KOMIIO-
HEHATa COICTBEHUX BEKTOPA CUMETPHYHE TPOMjaroHaHe Jakobujese Marpuiie
kopucrtehu Q)R anropuram.

SRehnel Lobatto (1797-1866), mancku MareMaTHIap.
"Gene Howard Golub (1932-2007), amepuykn MaTeMaTHygap.
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4.1. Kpaugparypue (hopmye

Teopema 4.1.3 Ysoposu 7y, k =1,...,n, y Iaycosoj xkeadpamyproj dop-
myau (4.1) y odrnocy na nosumuseny mepy du cy concmsene epednocmu Jako-
bujese mampuuye peda n

[ a VB 0 - 0 |
VB o VB oo 0
Jdpy =] 0 VB a0 0| (4.4)
| 0 0 0 - o
ede cy ap u B, k = 0,1,...,n — 1, xoeduyujenmu mpousane pexypermme

pesauje 3a MmoruuHe opmozonasre nosurnome mi(-;dp). Teorcune Ay dame
cy ca
2
Ay = Bovgy, k=1,....n
ede je B = mo = [qdu(z), a vg1 npea KoMnOHENMA HOPMAAUI06GH0Z CON-

cmeenoz eexmopa Vi (= [Ug1 ... Uka)t) xoju 0deosapa concmeenoj epednocmu
k mj

Jo(dp) vy = t,(cn)vk, vivi=1, k=1,... n.

[Iperniocrasumo 1a je [a, b] = supp(du). 3a ocrarak R, (f) Faycose kBaapa-
TypHe dhopMmyIe BaxKu caeaehn pesyarar.

Teopema 4.1.4 Axo je f € C?"[a,b], mada nocmoju & € (a,b) maxo da

8AHCU, )
70

Balf) = o I ©)

2de je T, MOHUMHY 0PMO20HAAHYU NOAUHOM Y 00HOCY Ha mepy dp.

ITpumep 4.1.1 3a uzpadyHnaBame HHTErpaja 00JIUKa
T23
/ f(z n,s € N, n>2

rae je T, (x) moununn Yebuines/beB NOJIMHOM N-TOT CTENEHA PBe BPCTe, (hopMu-
paMo KBaJipaTypHe opmyJie

/f TQS ZA"S (77°°) + R f), (4.5)

rae cy 7%, j = 1,2,...,m, Hyje TMOJUHOMA CTETeHA 1M W3 HH3a MOJHHOMA
Py’ (x) oproroHaaHUX y OJHOCY HA TeXKMHCKY DyHKIHjy

T2 (x)

it (4.6)

r— w™(r) =
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4.1. Kpaugparypue (hopmye

y

A

0.008 -
0.006
0.004 -

0.002 -

-10 -0.5 0.5 .0

3,2(

Ciomka 4.1: Tpaduk rexuncke Gynkuumje x — w*(x)

Ha comnum 4.1 npukasan je rpaduk rexxuncke byuknmje (4.6) 3an =3 un s = 2.

[Tocmatpajmo cayuaj m = 10, n = 3 u s = 2. Ilpema Teopemu 4.1.3,
3,2 . 32 . .
YBOPOBH T;”" H KoeuInjeHTn Aj , J = 1,2,...,10, y kBagparypHoj ¢op-
Myt (4.5) u3padyHaBajy ce KopuinhemeM IoJInHOMA p%z (x), onpehenor y npu-
Mepy 3.1.1. Hymepuuke BpeJiHOCTH YBOpPOBa U KoeduIllnjeHaTa MpUKa3aHe Cy
y Tabesn 4.1.

Tabena 4.1: UBopoBU M TEKUHCKU KOEMUIMJEHTH y KBAJApaTypHOj HOpMy/In
(45)3am=10,n=3us=2

3,2 3,2
Tj A;

-0.99415332793052032915 | 0.0006884659799311187000
-0.93628704657748948491 | 0.00008735176910905409706
-0.65212379076979938244 | 0.0004380496697456038496
-0.47812331875516987286 | 0.0008067909214309841006
—0.28488309979786882138 | 0.00028031284161170109733
0.28488309979786882138 | 0.00028031284161170109733
0.47812331875516987286 | 0.0008067909214309841006
0.65212379076979938244 | 0.0004380496697456038496
0.93628704657748948491 | 0.00008735176910905409706
0.99415332793052032915 | 0.0006884659799311187000

O © 0O Ok W .

—_

[Ipumenom Tako gobumjene KBajgparypHe dopmyre oapehyjy ce, Ha mpumep,
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4.1. Kpaugparypue (hopmye

BPETHOCTH WHTETPAIa

1 4
/ cos (H) 5@ qu 0. 002170291752774188887,
-1 2 vV 1-— 1'2

1 T4
/ sin (ﬂ) cos? (E) #dx ~ 0.0004603135759260652326,
1 2 2 vV 1— a2

1 T4
/ 6_$2+10xT3—(Q;)dw ~ 6.022591407146374626.
-1 V 1— 1:2

[Ipema Teopemu 4.1.4, mporena Tpermke je

P 1l

20 SO FROE)] = 1.26274 - 10727 fRO(€)], -1 <€ < 1.

[Rio(f)| =

Y HaBejeHUM NpHUMepHMa, T'PAHUIE allCOJIYyTHE T'DeNnike MPH HW3PadyHaBarmby
uaTerpaa cy 5.612 - 1072°, 6.29502 - 1071 i 8.98695 - 107° pemom.

ITpumep 4.1.2 3a rectupame Kajaparypue dopmyie (4.5) 3a n = 2 u
s=4

m

[ @ = 3 A2 + R, (@7)

Jj=1

3a pa3JIUYIUT OpPOj YBOPOBA M KOPUCTUMO (DYHKITH]Y
f(z) =0.01(1 — 2*)V1 — 22,

jep ce TAYHO MOKe M3padyHATH BpeTHOCT WHTerpasa

V] — a2
/ f 1 1‘2 100 12 (x)d:v = 0.000016225829983569922.
V - 1

Y Tabesu 4.3 MpuUKa3aHu Cy YBOPOBU Tj2’4 1 KoedHuInjeHTn A?A, J=1,2,....m,
y kBajparypnoj dopmysn (4.5) 3a m = 5(5)20.

Tabena 4.2: AncosnyTHa rpemka kBajgparypuux dopmyia (4.7)3an =2, s =4
um = 5(5)20

m 5 10 15 20
1I(f) — QaM(f)| | 1.32311(-8) | 1.351379(-9) | 3.12557(-10) | 1.15572(~10)
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4.1. Kpaugparypue (hopmye

AmnconyTre rpemke npu u3padyHaBamwy uHTerpana I(f) mpumenom KBaapa-
TYPHUX CcyMa

Qui(f) = AP
Jj=1

u3 dopmyiie (4.7) 3a m = 5(5)20 upeacrasbene cy y tabesn 4.2, a rpaduiu
Texxuncke ynkmuje  — w?*(z), byakunje x — f(x) n uATerpaga T
f(x)w?*(z) na coumu 4.2.

Tabena 4.3: YUBopoBU U TEKUHCKU KOEMUIMJEHTH y KBaJApaTypHO) hopMy/In
(4.7)3an=2 s=4um=>5(5)20

m] a2
) 1,5 | £ 0.98827093343438616188 | 0.0008325873085917745751
2,4 | £0.32657907995164112958 | 0.0002411992429281742857

3 0. 0.0012080098704599424684

10 || 1,10 | &£ 0.99493925749376569302 | 0.0006708763670414399034
2,9 | £ 0.95274878026932396086 | 0.0001668460955735551650

3,8 | £0.70710678118654752440 | 2.3465615199299581748(-6)

4,7 | £ 0.30375938124659697440 | 0.0001668460955735551650

5,6 | £ 0.10047822598829164873 | 0.0006708763670414399034

15 || 1,15 | £ 0.99734087333264202689 | 0.0005237420982448444697
2,14 | £ 0.97593603839212828089 | 0.0002602493982810607000
3,13 | £0.93197749081794170424 | 0.0000530321857815626282
4,12 | £ 0.85563539965079726540 | 1.8924261719924816230(-6)

5, 11 | £ 0.43373015915138572669 | 0.0000145767627650160954

6, 10 | £ 0.28953665834652860567 | 0.0001349780884217368513

, 9 | £ 0.14533345879667599749 | 0.0004050127399280587894

8 0. 0.0005686155743112961586

20 || 1,20 | £ 0.99832405260271392186 | 0.0004288173554137129280
2,19 | £ 0.98491339196320002780 | 0.0002771430982359643168

3, 18 | £ 0.95804358845234438353 | 0.0001091244101905541261
4,17 | £ 0.91739369383462618909 | 0.0000223018725086961337
5,16 | £ 0.86119699118961561419 | 1.5090070260325426594(—6)

6, 15 | £ 0.50827132750722140866 | 1.5090070260325426594(-6)
7,14 | £ 0.39798091727174576497 | 0.0000223018725086961337

8, 13 | £ 0.28662254381914026857 | 0.0001091244101905541261
9,12 | £ 0.17304800007958458605 | 0.0002771430982359643168

10, 11 | £ 0.05787128817378861759 | 0.0004288173554137129280
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4.2. O no3uTHBHO] JIePUHUTHOCTU HEKHUX JIMHEAPHUX (DYHKIIMOHETA

—
-1.0 -05 ' 0.5 1.0 -1.0 -05 0.5 1.0

Cimka 4.2: Tpadunu dyukmuja z — wi(x), x — f(z) (1eBo) u z — f(x)w?*(z)
(mecHo)

4.2 O mo3uTuBHOj Ae(PUHUTHOCTU HEKUX
JinHeapHuX (PyHKIMOHEJIa

Heka je simreapua ¢yuknnonena L geduancana ca

L(p) = wip(z), peEP. (4.8)

keN

Tenepanno rosopehn, ucnuryjemo GyHKIUOHEE KO KOjUX je wy, 2, € C\
{0}, amu ca cienehum pecrpuknujama. TIpso, npernocrasmpamo ga je wy # 0,
k € N. OBaj yc0B je kpajibe mpupogaH, oyayhu ga ako je 3a veko k € N, w, =
0, ouga cymuparbe BpuMo npeko ckymna N\ {k}. JIpyro, meliemo ymamuru
OMIITOCT AKO IPETIOCTABUMO Ja je z; # 25, ¢, 7 € N, jep y cyIpoTHOM MOZKEMO
H30CTABUTU WIAH CyMe Ca HHJEKCOM J & y3eTU W, = w; + wj 38 TaUKy ;.

Ba ckym Tauaka z;, ¢ € N, yBoaumo o3naky Z = {z; | k € N}.

[IpernoctaBuhemo ma je

lim 2z, =0, (4.9)
k—4o00

", J1a OMCMO MMAJIM aIllCOJIYyTHY WHTErPaOUIHOCT CBUX TOJHHOMA p € P mpet-
[IoCTaBUNEeMO /13 BaXKN
> Jwk| £ M < +o0. (4.10)
keN
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4.2. O no3uTHBHO] JIePUHUTHOCTU HEKHUX JIMHEAPHUX (DYHKIIMOHETA

Taxkobhe, nagame hemo mogpasymeBaru ga je Hu3 2z, k € N, ypehen tako na je
|Zk+1| S |Zk|, k S N

[Ipumerumo ma simaeapua dyukiuonena L mozxke Outn cxpalieHa Kao Jin-
HeapHa (GYHKIMOHEIA KOja JieJIyje Y TPOCTOPY OrPaHUIeHUX KOMIIJIEKCHUX HU-
30Ba lo. Hamme, mpema ycsoBy (4.10) umamo ga wu3z wg, k € N, npunazga
IPOCTOPY [1, TPOCTOPY CBHUX AICOIYTHO CYMAOMJIHUX KOMILIEKCHHX HU30Ba
(Buzeru [66, crp. 30], [43, crp. 39]). Kao mro je nosnaro Baxu iy C I,
rie [ o3HauaBa JyaJHH IIPOCTOP HPOCTOPA oo .

Jledunummmo jmmHeapHo npeciankaBame L 0P — [, Ha caejgehn HavumH

Z(p) = (p(21), p(z2), -, 0(20), - ) -

Jluneapuu mpoctop P MozKe ce HOpMHpATH IIOMONy

|p|l = sup |p(zx)|, pE€P.
keN

Jlema 4.2.1 Jluneapro npecaukasarwe I : P — ly je ozpanuveno yma-
nare ckyna Py .

Jokas. 3a mato Z cBaku MOJMHOM p € P JOCTHXKE CBOj MAaKCHUMyM Ha

KoMIakTy Z, na je cBaku uu3 p(zx), k € N, p € P, yuudopMHO orpanuden mo
k w npunajya ckymny ls.

Ocobuna odyBama HOpMe Ce jeJTHOCTABHO MoKasyje. llpmmermmo ma ako
JBa, moJMHOMa 3a10B0osbaBajy Z(p1 — pe) = 0, onja je py = pg2, jep €y OBO aBe
aHaJuTU4YKe (DyHKIKje jeHaKe Ha CKyIly Z KOjU UMa jeJlHy TaYKy HAaroMujia-
Bama. Jlakie, Z(P) C ly je yraname.

Jlako ce youasa na je ||Z]| = 1. O

Cana pedpunnmmmo juneapny dynknuoneny L' : I, — C na cuaenehn
HAYUH

L' (u) = Zwkuk, u = (uy,us,...) € l.

keN

Ouurseano je dynknuonena L' orpannuena jep je

L@ <D lwnlluel < flull Y lwnl, w € L,

keN keN

nu L' oZ = L na P. 360r rora moxemo uaenrudukosaru L' ca L 1 MOKEMO
cvarparn ga je £ orpanmdena JuHeapHa excrensmja dpyuknuonesne L Ha 11€0
CKYI [oo.
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4.2. O no3uTHBHO] JIePUHUTHOCTU HEKHUX JIMHEAPHUX (DYHKIIMOHETA

Osmaunmo ca Py ckyn cBux nonuaoma p € P\ {0} koju cy HeneraTuHUI
Ha peaJiHoj MpaBoj.

Kao aupekTHy moc/eIuIy MO3UTHBHE Ae(UHUTHOCTH HMaMO caeaehy Temy.

Jlema 4.2.2 Axo je auneapna dynxuyuonesa L : P — C nosumusno-
dehurumma, onda 6aHcu

L) >0, L) eR, Lp)eR, pePr, nelNy  (411)

Joxas. Kaxko je x?" € P, aupextno cienu jaa je L£(x*") > 0. 3a Hemapne
CTeIeHe HMaMo

Lo —1) = i (2:) (—1)2FL(2h) > 0,

k=0

u Kopucrehn maremarudky uuayKiujy mno n € 2N nobujamo

c(x2n—1)<2i i <2]j)(—1)k£(:vk).

k=0,k#£2n—1

Konauno, kopucrehu auneaproct pyHKImoHe e L ciean octaTak TBphema. U
[TenTpasna TeopemMa OBOT TOTJIAB/bA TJIACH:

Teopema 4.2.1 Jluneapra ¢pynruyuonesa L dedunucana nomohy (4.8) je
no3umusHo-depurumma axo u camo axo je wr >0 u 2z € R, k € N.

YBeauMo joIll jeTHY O3HAKY
en=1(0,...,0,1,0,...) €l, m€EN,

npu yemy ce 6poj 1 HaJla3u HA N-TO] MO3MIUjU, JOK CY HA OCTAJIUM MECTHMA
HYyJIe.

4.2.1 Ilomohnu pe3ynaraTru

Y 0BOM JlesTy JOKa3yjeMO HeKOJMKO MOMONHHX Jema.
Jlema 4.2.3 HUszabepumo z, € Z u npemnocmasumo da Z, ¢ Z. Tada
nocmoju p" € C, |p"| = 1, maxas da 3a ceaxu r™ € Pr easrcu p"r"(z,)e, €

Z(Pr). Axo je z, € R\ {0}, onda je p™ = 1.
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4.2. O no3uTHBHO] JIePUHUTHOCTU HEKHUX JIMHEAPHUX (DYHKIIMOHETA

loxas. Koucrpyncahemo un3 pp € Py, k,n € N, takas 1a je kEHlooI(kaL) =
(€, 32 HEKe KOMILIEKCHe Opojese ay, € C\ {0}.

N3abepumo Heku z, € Z U NPeTnocTaBuMo jaa z, ¢ Z. Jlame, nzabepumo
Hekn nonauHoM 1" € Pr. ledunnmmmo

k _
=) [ B e,

IIPX YeMy CMO YBeJH O3HAKY
A= |zn — zillzn — Zil, 1 # .

Ouwursenno Baxku pp € Py, k,n € N.

Byayhu na je r"™ anrebapcku mojmHOM, OH je YHHU(MOPMHO OI'paHUYEH Ha
komnakry Z. Jlakse, nocroju M > 0 tako na je |[r"(z,)| < M, v € N.

Kopucrehn ycios (4.9), moxkemo nzabparu Hekn ig; € N Tako ja je
12nl/2 < |20 — zi|, |zal/2 <2 —Zi|, @ >id01, v=1,...,n.
®ukcupajmo g € (0,1). Moxkemo nzabparn Heku ige € N Tako ja BaxKn
|zi] < |znlq/4, i > ige.

Heka je ig = max{ig1, lo2}. 3a k > ip u v > k umamo

10 k

2 — Zil|2 — % 2 — zillz, — %
e O | e I

|2 — 2il|2n — Zi|

i=11#n v i=10+1
— k
<M H Zzl\zu—zil 11 |2nl4/2]2n]q/2
i=1,i#n i=ig+1 |Z”|/2|Zn|/2

2’ | 2i0—2
< M( il ) qz(k ZO)
m

vie je m = min;—y ;o izn{|2n — 2il, |2n —Zi|} > 0. Ilpumerumo na je pj(z,) =0
3a v < k, v# n. Opasje ciean ja umMaMo YHU(DOPMHY KOHBEPTeHIUjy U3pas3a
PR (z,) Ka Hyam mo v # n kaga k — 400, Tj. ga 3a cBako € > 0 u

1 - m O\ 202
k> ko = l —
01 = lo+ 5—— 2log 0g (2|Z1|)

Baxku |pp(z,) — 0] <e, v e N\ {n}.

Cana, mocmarpajyhu p}(z,) nobujamo
Pk (zn)| = 1" (20)]

75



4.2. O no3uTHBHO] JIePUHUTHOCTU HEKHUX JIMHEAPHUX (DYHKIIMOHETA

npema gedunumujn A'. OBo 3Haum ga pp(z,) UMa KOHCTAHTHY HOPMY KaJja
k — 4o0.

[Ipousson
k _
(2 — 23) (2 — 21)7 keN,
11 A7
i=1,i#%n ¢

je Ipou3Bo/1 KOMILJIEKCHUX OpojeBa 4uju je Mmojyo 1, 1j. OpojeBa KOju ce HaJjia3e
Ha je/IMHUYHO] KPYXKHUIU Y KOMILIEKCHO] paBHu. Kako je jeunudna KpyK-
auna kommakT y C, cequ na mocToju HEKW MOAHU3 OBOT HU3a KOjU KOHBEPTUPA
Ka HEKOM p" 4dmja je HOpMa je/IaH.

O3naunmo cKynm WHAEKCa 3a Taj KoHBeprentan noguau3 ca Ni. Tama, 3a
cBako € > 0 mocroju kgz € N, Tako Ja 3a cBako k > koo, k € N1, BaxKu

[Pk (2n) — 7" (20)p"| < e.
Caza 3a BekTop 1" (2,)p" €, UMaMo

HI(pZ) - Tn(zn)pnenl‘ = sup |pZ(ZV) - Tn(zn)pnen’ <€

veN

3a k > max{k01,k02}, k € Nj.

Jlakie, aKo U3BPIIMMO peHyMepalujy HA3a p; KopucTehn jeWHO WHIEKCe
k € Ni, nobujamo uu3 p; € Pr Takas ga je

lim Z(p}) = p"en.
Jm Z(pi) = pen

Konauno, axo je z, € R\ {0} u kako je r" € Pgr, mobujamo r"(z,) € R u

bz =z [ A g

i=1,i%n g
IpU YeMy Cy U3pa3u y 1pousBojy jejHaku 1, na je p" = 1.

OBy KOHCTDPYKI]y MOKeMO MOHOBATH 3a cBako n € N, Tj. 3a cBaKy Tauky
zZn € Z 3a KOjy Baxku zZ, ¢ Z. O

Y caydajy ma je r" € Py, jenHOCTaBHO ce yodaBa Ja pj Takohe Ipumajia
npoctopy P,, ma caMuM TUM uMamo caenehu pesynrart.

Jlema 4.2.4 I[Ipemnocmasumo da easicu Z, ¢ Z. Tada nocmoju p™ € C,
Ip"| = 1, makas da 3a ceaxu ™ € Py easrcu p"r*(z,)e, € L(Py). Axo je
z, € R\ {0}, onda je p™ = 1.
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4.2. O no3uTHBHO] JIePUHUTHOCTU HEKHUX JIMHEAPHUX (DYHKIIMOHETA

Cana hemo paszMoTputu cay4aj Kajga z, € Z. bBe3 ryosbema ommrocTn
MOZKEMO TPETIOCTABUTH JIA J€ Zp41 = Zp, IITO CE JeITHOCTABHO TOCTUZKE PEeHy-
Mepaluom Hu3a z,, n € N.

Jlema 4.2.5 Hexa je 2,11 = Z, 3a nexo n € N. Tada nocmoju nexu
p* € C, [p"| =1, mako da 3a cearu nosurom ™ € Py easicu

P (zn)en + P (2n)ens1 € Z(PR).

/loxas. TTocmarpajMo HU3 1HOJIMHOMA

e =rn ] EEEECE

i=1,i#£n,n+1 v

DU Y€MY CY CBe O3HAKe Kao y J0Ka3y jeMe 4.2.3. Jeaunu mpobdyieM mpecTaBba
nedununnyja vusa A7, ajau cpehom umamo

|Zn - Zz”Zn _zi| = |Zn+1 — Zi||zn+1 - zi’u

jep je zZni1 = Z,. Ha ocnHoBy oBe uumbeHuie cjeju Jia MOXKEMO HPUMEHUTH
ucty jJeuHUInjy.

Kopucrehu ucre aprymenre, MOxKeMO JIOKa3aTh Jla BazKu
n
pk(z) —0] <e

3a CBaKO

1 € m \ 2ot
k>kyy =1 — log — .
LT Slogg OgM(mzn)

Takobe je pp(z,) = pi(2n+1), O4akie ciein KOHBEPIEHIHMja 110 HEKOM HU3Y
k € N; ka melhycoOHO KOHjyrOBaHUM BPEIHOCTUMA. OJ

JacHo je ja moxkeMmo ma m3abepemo r" € P, ga 6mcMO J0OUINA TUPEKTHY
MOCJIETAILY OBE JIeMe.

Jlema 4.2.6 Hexa je z,11 = Z, 3a nexo n € N. Tada nocmoju nexu
p* € C, [p"| =1, mako da 3a cearu nosurom r™ € Py easicu

prr(zn)en + prrt(zn)ensa € Z(Py).
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4.2.2 Jloka3 rjiaBHOT pe3yJiTaTa

Cajta majemo JIoKa3 IJIaBHE TeopeMe.

Jloxasz meopeme 4.2.1. JegnocraBHO ce JoKa3yje J1a ako je w, > 0u z, € R,
n €N, 3ape Py je

L(p) = Zwkp(zk) >0,

keN

kopucrehu jejnocrasHy untbenuiy Ja je p(zx) > 0, k € N.

[IpernoctaBumo 1a je £ mo3uTuBHO-IebUHUTHA GyHKIIHOHE A, 3abepumo
neku n € N u npernocrasumo na z, ¢ Z. Tana, npema jemu 4.2.3 p00mjamo

lim L(p}) = lim (L oZ)(py) = L' (p"r"(zn)en),

k—+o00 k—+o00

npH 9eMy CMO MCKOPHUCTU/IN YUIbeHUILY Ja je L' Henpexkuana DyHKIMOHE A Ha
loo. Tama je
L' (p"r™(zn)en) = wnr™(z,)p".

Vaumajyhu r"(2) = 1, r" € Py, u r"(z) = z, r" € Pr, gobujamo
L'(plen) =wnp" >0 u L'(p"znen) = wnznp" € R.

Kaxo je z, # 0 u npema koucrpyknuju p" # 0, ciaeau ga je L'(p'e,) = w,p" >
0. Tama mobujamo
L' (p"znen)
2y = ——t
L'(prey)

u Takohe w, > 0, npema unmenunu ga je p" = 1 3a z, € R\ {0}.

eR

Heka je caja z, = 2z,41. [lpumerumo jia y oBoM ciiydajy He MOZKe Jia
oyane z, € R, jep Oucmo Taja umMaam 2, = 2,41, IITO je HeMmoryhe rmpema
yCJIOBUMA HaMETHYTUM 3a ckyn Z. Taja, npema jiemu 4.2.5 U YUEHUIIN J1a je
L nosutusHo-AedunuTHA dDyHKIHOHEAA, 3a 1" (2) = 1 u r"(2) = z ciaequ

'C/(pnen "’ﬁen—&-l) = wpp" + Wn—i—lﬁ =a=>0

L' (p"znen + D" 2Zneni1) = Wnznd" + Wns10"2n = 3 € R.

OBe 1Be jeIHAKOCTH MOYKEMO IIOCMATpATH K0 CHCTeM JHHEAPHHUX jeJIHAYNHA,
1o p" u P Koju MMa jeJUMHCTBEHO PElICHe JaTo Ca

v =———— P =77
wn(zn - Zn) Wnt1 (Zn - Zn)
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Kopucrehu ose m3paze mobujamo w,,1 = W, a Takohe cieau aa He MOXKe Ja
oyune a? + 3% = 0 jep 6u To 3a nocjeauiy uMajo p* = 0, mro je Hemoryhe.

Crapumo caja jaa je r"(z) = 2%, v € N. Jlabe nmamo

L'(ptzlen + pradienis) = wnzn P + wn22/p" = Re(wn22'p") >0, v €Ny,

Axko o3nauumo ca «, = arg(wy,), B, = arg(p") u ¢, = arg(z,), npu demy je
on # 01, # 7, crean

|wnzi”p”| cos(ay, + Bn + 2v¢p,) >0, v e Ny.

KenmmMo j1a nmokazkeMo jia noctoju Heko v € Ny TakBo jia je dpyHKIMja cos
HeraTuBHA, MITO OW JA0BEJIO 10 KOHTPAINKIIA]E.
QDyHKIKja COST je HeraTUBHA aKO 2V MPHIIA/Ia HEKOM 0/l HHTepBaJia

I — ((4l€ + m —2(a, + ﬁn)7 (4k + 3)m — 2(ar, + ﬁn)) ke

Hyzxuna unrepsaia Ji je 7/|p,| > 1, ma 3aro y ¢BaKOM 0Ji OBUX HHTEPBAJa
nocroju Gap jeman 1eo 6poj. Ako je m/|p,| > 2, oHma y cBakOM MHTEpBATY
mocroje OGap JiBa y3acToliHa 1ejia Opoja u 0ap jejgaH O HUX je HapaH. Y3u-
Majyhu ga je 2v Gamr Taj mapan meo Opoj, m00MjaMO KOHTPAJAMKIU]y. 3aTo
fiemo npernocrasuTu 1a je m/|@,| < 2.

CermenTe 0bJIMKA

(4k + 3)m — 2(ay, + Br) (4k +5)m — 2(cv, + Bn)
20, ’ 20,

G = s k‘EZ,

spahemo npasuune. Ouurienno je R = Ugez(Jx U Gy).

Axo je m/|pn| = 2, onga je ¢, = £7/2, mTo 3HAYM 1A aKO je
cos(a, + 3, £2-0-7/2) >0

caean
cos(ay + B, £2-1-7/2) = —cos(a,, + () <0,

mTo je Kourpaauknuja. Ako je cos(ay, + 5, £2-0-7/2) = 0, onga gobujamo
Re(w,22p") = |wnz2p"| cos(ay, + B, £ vm) =0, vEN,

= 221 v € Ny, caemn

u, Gupajyhu 7" (2)
Re(w, 22 p™) = w22 p"| cos(ay, + Bn £+ (2v + 1)7/2)

= (1) w22 p" sin(ay, + B,) 0, v € N.

n
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4.3. Crammapana L-ampoxcumanija

13 ycnosa cos(ay, + 5,) = 0 crean sin(a,, + 6,) = 1, omakyie mobujamo na
IPETXOHU M3Pa3 Huje jeHak Hyau. [locMmarpajmo cajga moaunome 1'(z) =
2% (2 —1)%, v € Ny. Ouurzegno je r* € P, na Mopa ja BaxKu

lim L(p}) = lim (£ oZ)(®}) = wnz? (20 — 1)*p" + w22 (2, — 1)2p"

k—+o00 k—+4o00 n

= Re(w, 22 (2, — 1)*p") > 0.

Kopucrehn nmureaproct m1o6mjamo

Re(wn 22 (2, — 1)*") = Re(—2w, 22" 1p™)

= F2(=1)"|w, 22" p"|sin(a, + B,) >0, v € Np.

OBo je, HapaBHO, KOHTPAIUKIIH]A.

Hakie, mopa ja Baxu 1 < 7/|@,| < 2. TIpernocraBumMo ja HEKH UHTEPBAJ
Ji caapaxku meo 6poj 2m + 1. Taza moxkemo ja uzabepemo v € N, Tako ja je

T - 2v—2m —1 -
lon| — 2v—2m —2

Pauynajyhu om 2m + 1 no 2v nmocroju tauno 2v — 2m neaux O6pojeBa Koju cy
IIOKPUBEHU Ca
w_om—241s X2
/|l

WHTEpBajJa W TMpa3HuHa. Kako MOYMIHeMO W 3aBpIIaBaMO Ca WHTEPBAJIOM,
uMaMo v —m — 1 mpa3HuHa u v — m uHTepBasa. [Ipema IupuxieoBom mpuH-
IUIY MOCTOju Oap jeJaH MHTEpBaJ WU je/Ha Mpa3HHHA y KOjeM ce Hajas3e
Oap aBa ysacrorHa neja 0poja. AKO HEKM MHTEPBAJ CAJIPKU JIBA y3aCTOMHA
neja Opoja, OHIa je JoKa3 3aBpIleH. 3aTo HPEeTIOCTaBUMO J1a HeKa IMPa3HUHA
CaJIP’KU JIBA 1eJ1a y3acTOMHa Opoja. AKO Mpa3HWHA CA/IPZKK MapaH Ma HelmapaH
1eo 6poj, oHja cjiejgehn HHTepBaJI CaIPKU HapaH 1eo OPoj, IMTO je Kpaj JoKa3a.
AKo mpa3HuHa caJIpzKu HelmapaH I1a IapaH 1meo Opoj, OHJIa IIPETXOIHI HHTePBAJT
ca/pzKu 1apaH 1eo 0poj, 1a je jJ0Ka3 3aBpIileH.

3ak/bydyjeMo Ja He MOXKe Jia BaXKu 2,, Z, € Z. Beh cMmo mokazanm ma ako
je zn € Z, ouna je z, € R u w, > 0, unme je J0Ka3 3aBpIIeH. U

4.3 Crangapasa L’-anpokcumanuja

Heka je du(z) nara menerarusua mepa na R u U, = {go, 91, 92, - - - , gn } aTH
CHCTEM JIMHEAPHO HE3aBUCHUX (DYHKIHja y PEaJHOM YHHTAPHOM HPOCTOPY X
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4.3. Crammapana L-ampoxcumanija

ca CKaJapHAM IPOU3BOIOM
(f.9) = /f Ddu(z) (f,g € X). (4.12)

Heka je X, mornpocrop npocropa X takas j1aje X,, = Lin{go, 91,92, -, gn}-
Jaspe, mpernocraBumo ja Momentu dyukuuje f y omnocy ua mepy du(z) u
cucreMm U,

W(f.U) = / f@a@)du(@) = (fg), k=01,....n,  (413)

mocroje. zKeaumo 1a anpokcumupaMo GyHKIHjy f ca

n
Sy = Zaygy € X,,
v=0

TaKoO Ja BaxKH

my(sn, Up) = me(f,Un), k=0,1,...,n. (4.14)

[Tosnato je na ce crangapana L2-anpokcnvarija dyukmuje f € X ca s, €
X, Tj.

min || = s||* = min | f - Za,,g,, = sl?

JIOCTUZKE AKO M CAMO aKO je rpenika f — S, OPTOrOHAJIHA HA HEO MOTIPOCTOP
X, Tj. aKO ¥ caMO aKo je

(f—zn:augu,gk)z(), k=0,1,...,n, (4.15)
V=0

IITO je eKBUBAJEeHTHO ca (4.14).

Jlakne, ctangapana L*-anpokcumannja dyHKImje ayBa MomenTe. Haro-
MEHHMO J1a ako je S, = {¢o, @1, P2, . .., ¢} OpTOHOPMUDaH (MM OPTOrOHAJIAH)
cucrem dynknuja, uz ycaosa (4.15) aqupexrtro pobujamo @ypujeose® koedu-
mujenre ar = (f,¢r), k=0,1,....n

Y caydajy ampokcuMmalije ajaredbapcKuM MOJIHHOMUMA, S, je CKYII MOJIu-
Homa pi(-;dp) xoju cy opronopmupanu y oxnocy Ha mepy du(z). Cama je
L?-ampokcnManuja 1aTa, ca

n

sp(T) = Zakpk ay = / f@)pr(z)du(x), k=0,1,...,n, (4.16)

k=0

8Joseph Fourier (1768-1830), dbpaniycku MaTemMaTudap.
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a oxrosapajyha rpemka Hajoo/mse L2-ampokcnMarmje je
n

E(du, 13 =1 = sall? = IFI1P =" ad.

k=0

4.4 TlonmHOMCKa L’-ampokcmmaruja ca
orpaHUYe’hUMa

V HekuM ciIyuajeBuMa JKeJInMo Jda Hajoosba Li-anpokcumManuja 5,4, 09yBa
jOIII HEeKa CBOjCTBA OpHUrHHAIHEe (PYHKNHje f, Ha IpPHMep Ja HMa HCTe BPej-
HOCTH Kao u yHKIHja f y HEKHM Taukama. Lako 0BO MOYKEMO pa3sMaTpaTH
y ONIINTeM CJIy4ajy, OBJIe heMo ce 3aaprKaTv Ha HajjeIHOCTABHUjEM CJIyUajy.
[Ipo6Giem L2-anpokcuMalyje ca OrpaHIuerbHMa MOYKe ce HCKa3aTh Ha ciejehu

HAYWH. 3a JaTh CKYI Tavaka ti,...,t,, m < n, u Gyaknujy f Tpeda 1a Baxkn
Haxkuie, Tpeba ja MUHMUMU3UPAMO U3Da3 En+m(d,u, )3 = |If — 3| npu uemy

je 5 € Ppim 1 3ag0BosbaBa ycaose (4.17).

O3znaunmo ca
PC =P € Puym | p(t)) = f(t,), i=1,...,m}.

Ja 6GrcMo HAIMLIN HAj60/6M L2-anpOKCHMAIMOHT TIOJIMHOM Ca, JATHM OTPaHN-
JemrIMa, IIPBO heMO KOHCTPYHCATH HHTEPIIOJANHOHN ITOJHHOM CTeIleHa Ha-
jeume m — 1 koju 3am0BosbaBa ycsose (4.17). To je monuaOM

m

Bo(2) = L (f;7) = Zf(ti)%

T —t;)q, (t:)

rae je gm(z) = [[12,(z — t;). Cama Tpazkmmo Haj6O/by KBaJPATHY AmpOKCH-
MaIujy y o0JTUKY

() = Pn(2) + gm(z)s(x), s € P,

rjie je S HeKH TOJIMHOM CTeleHa HajBuile n Koju heMo ojpeauTtu u3 ciejaeher
MHUHIMU3AIAOHOT YCJI0BA

En—&-m(dl/w f)g = gel%)nn Hf - P, - Qm5“2
- / (J(2) = Pu(2) — gu(2)s(x))’du(z)
~ [(F= 2 ) ot auto)

qm ()
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4.4. Tlonuuomcka L%-anpokcuMalinja ca orpaHdde-IMa

Axko cy fHOBa dyukuuja u diz HOBa Mepa gare ca

7 f(x) = P(x)

flz) = —e) n di(z) = gu(z)*dp(z)

pesioM, gobujamo caeaehn L2-ampoKcHMaImoHn mpobaeM 6e3 orpaHudeha

Brvm(p, 13 = (a7} = min [ (Fla) = sta) Pita).

Sepn

AKo je s, pememe opor L-mpobieMa, Tajaa je
Snam () = Po(®) + ()80 ()

perere L2-alpoKCHMAIIOHOT pobJeMa ca JaTHM orpaHuvemuMa. lIpema
(4.16), pemiemse s,, MOXKe Ja ce HATHUIIE y OOJIUKY

sn(T) = Zakpk($§dﬁ)a a = / f(x)pk(x;dﬁ)dﬁ(:v), k=0,1,...,n.
k=0 R

BakJbyuyjemo jia je IOJMHOM S, 3anpaso L2-anpokcumanuja dynxmuje (f —
P..)/@m y omHocy Ha Tpancdopmucany mepy g2 du.

Jla 6ucMO MIIyCTpOBaIN U3/I02KEHY TEOPHU]Y JlajeMo JBa IIpuMepa.

IIpumep 4.4.1 Tlocmarpajymo mpobaem aupurosane L*-anpokcumanuje y
onHocy Ha eOHINeB/bEBY Mepy JApyre BPCTE Ca OTPAHMYCHHIMA JTATHM Y Tad-
kama +1/v/2 3a bynkuujy f(z) = cos(mz/2). Ome je m = 2, a nomunom P je
MHTEPIIOIAIIONY HOTHHOM 32 cKyn Tadaka (—1/v/2,a), (1/v/2,a), npu gemy
je a = cos(r/(2v/2)) = 0.4440158403262133, j.

B r+1/V2 x—1/V2
PQ(x)—a< 22 + _2/\/5>

u qo(r) = 2% — 1/2. Jla Gucmo pemmin L2-anpokcumanuonu npobjaem ca
orpaHmuemnMa Tpeba ga pemuMo ciaenehn crapmapann L?-ampoKcHMaInoOHH
mpod.IeM

1/2

min
Sepn

/1 (M s(x))z (:132 - %)zmou

G \x2—1/2

Youasamo mepy dii u3 teopeme 2.4.2. Haj6o/bu mpuCTYI 38 KOHCTPYKIH]Y
moJimHOMa S, je ma ce S, mobuje Kao JHHeapHa KOMOMHAIHja IOJHHOMA Dp,
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n € Ny, oproronanauux y oguocy ua mepy dp (Bumeru npumep 2.4.1). Pererse
je naro y caejaehem obiinky

1 L f(z) —a
1pell? oy 2% = 1/2

Sn(x) = quk(@» qr = pe(x)dp(z).

Y oBoM cayuajy je qop+1 = 0, K > 0. Koedunujentn ¢op, 32 0 < k < 8 ¢y maru
y Tabenn 4.4. CBe padyHCKe omepalyje cy u3BoheHe y apuTMETHIIN JTBOCTPYKE
npemusHocTH (Cca MamuHCKOM npenusnomhy v 2.22 X 1071%). Bpojesn y
3arpajiaMa 03HavaBajy JernuMaJine eKCIIOHeHTe.

Onarosapajyha amcosyrna rpemika jupurosane L2-anmpoxcuManuje p aara
ca

T

c
e = max |cos— — p(x epP
n+m 1<a<1 9 p( ) ) p n+m?

puKa3aHa je y uctoj tabenu. Ha mpumep, amcoiyTHa rpeirka ojarosapajyhe
y

A

0.05r

0.04}+

Cmuka 4.3: Penartusna rperika npu anpokcuManuju dbyurmuje © — f(z) mosm-
HOMOM T — p(x)

amrpokcuMarnmje 3a n =6 u m = 2

1
p(z) =a+ <1’2 - 5) (qopo(2) + q2pa(x) + qapa(x) + geps(x))
= 0.00086292° — 0.0208186x°% + 0.2974042z* — 1.26104222% + 1.0027343

je 3.68 x 107°, a pesraTmBHa TpemniKa je mpeacTasbeHa Ha canmy 4.3. Ha coanmnm
4.4 npukazanu cy rpadumy Gyakuuje  — f(r) u noamHoMa

z— a+ (22 — 1/2)qopo(x) = —1.08276932 + 0.9854005,

Kao U peJIaTUBHA I'pelllka HaBejeHe allpOKCHMaIluje.
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10 05 05 0
001}

-0.02r

-003F

004+

Cruka 4.4: TI'pacdumu dyrkmpje x — f(z) u momaaoma = +— a + (22 — 1/2)qopo(z)
¥ PeJIATHBHA T'PEIKa

Tabena 4.4: Hymepuuku pesyiaratu y npumepuma 4.4.1 u 4.4.2

7
q2k €2k+2 Aok41 Cokta

~1.082769347042405 1.44(-1) | 2.287103863997141(—1)
2.270832557191690(—1 ) || ~1.941680177208599(-2)
~1.936241857485842(~2 ) || 8.641187093109698(-4)
8.629162200449605(—4 ) || ~2.397440322975305(-5)
~2.395555770714487(~5 ) || 4.507523722168420(-7) | 5.99(—
4.505323478769008 (7 ) || ~6.148761353874306(-9)
~6.146774659794560(~10) | 5.56(~12) | 6.344566432377592(~11
6.343138140954393(~11) | 1.84(-14) || ~5.135154904236841(~13
~5.134318126826883(~13) | m.p. 3.342631175921556(~15

) | m.p.
) | m.p.
) | m.p.

0 O Tk WD+~ O

)
)
)
)
) | 1.64(-
0
1
3

ITpumep 4.4.2 Heka je oner f(x) = cos(mx/2), —1 < x < 1. Cauuno kao
y UPEeTXOJHOM IPHUMEPY, 38 CKYI MHTEPIOJAIMOHUX OI'DAHUYerha y TadKaMa
0,41/v/2 u aupurosany L*-anpokcumarnujy y ogaocy Ha UeGHIIeBIbeBY Mepy
JIpyre BpPCTe, MOZKEMO Jla KOPUCTUMO U3JIOKEHY TeXHUKY u Teopemy 2.4.3. V
OBOM CJIYYa]y WMaMO

Py(x) = 1 — 42 sin® (4%) 1 gs(z) =2 (x2 _ %) .

AKO 03HAYMMO HHW3 TOJIMHOMA OPTOTOHAJHUX y omHocy Ha mepy du' ca ry,
k € Ny, (Bugeru npumep 2.4.2), nobujamo

N L (2 flz (z) z)dy (z
=3 dnt@). d= e )
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Cana je ¢y, = 0, k > 0. Koedunnjentu g3, 3a 0 < k < 8 u oarosapajyhe
rpemike ey, ., cy Takohe jgaru y tabein 4.4. AnpOKCHMAIMOHU IIOJIMHOM je

(o) = Pulo) o (o = 5 ) (o) + dorae) + rate) + dora(o)

= —0.00002397z'° + 0.000918062° — 0.020862952°
+0.253669412% — 1.233700542°% + 1,

a peJlaTUBHA T'pellKa P AlPOKCHMAIUJH je Tpe/icTaB/beHa Ha caumu 4.5.

A
4,109 F
2.x10°9
e _— - .. L > X
_1p \/ Iy =05 \/ 10
-2.x107° |
—-4.x10°

Cimmka 4.5: Penatupna rpemika npu anpokcumanuju dbyakmuje © — f(z) nosm-
HOMOM & — 7()
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Buorpaduja
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OCHOBHY IIIKOJIYy Kao HocuJial juiiome ,,Byk Kapanuh”, kao u cuenujaauzo-
BAaHO MATEMaTHYIKO ofesbethe npu ['mmuasuju ,,Ceerozap Mapkosuh” y Humry.
Ha cryanje na ®@unozodekom daxyarery y Hurry ymucao ce mkoscke 1996/97.
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Ha nocienumninomcke cryauje na [Ipupomao-mareMarndkoM (paxyaTeTy y
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teta y Humry, riae u cama pagu y 3Bamy acucTenT. Kao capagauk Kateape 3a
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BJba, BepoarHoha m craructuka u J1abOpaTOPHjCKUX BeKOU U3 IpeMeTa
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Y okBUpY Hay4YHO-HCTPazKuBadKor paja va Kareapu 3a maremaruky Eiek-
TpoHcKOr hakynarera y Humry ydecTBoBao je y peasm3anuju cjaejiehux mpo-
jekara:

o [Ipumerbenu opmo2oHasHY CUCTNEMU, KOHCTPYKMUGHE ANPOKCUMALUIE U
nymepuwky memoodu (2002-2005);

e Opmozonannu cucmemu u npumene (2006-2010).



Summary

Orthogonal polynomials, their construction, analysis and application, have
an important role in the Applied mathematics. Nevertheless, the investigations
in the Constructive theory of Orthogonal polynomials are still in an early
development phase. The central concept is a three-term recurrence relation.
Knowing its coefficients is of outmost importance. Once these are known,
all other computational aspects regarding Orthogonal polynomials are easily
available. Obtaining these coefficients is a fairly difficult task, thus, keeping
up-to-date libraries on new developments is of high importance. The new
era mighty computer packages are being built containing the readily-available
results and also the tools for calculating the yet unknown parameters.

Orthogonal polynomials, as all other special functions, owe their origin and
development to practice in our physical and the scientific world. As Mathe-
matics develops and awareness in its application broadens, the new horizons
open in different scientific fields. Such is the case with the Constructive theory
of Orthogonal polynomials. The number of its applications is augmenting on
daily bases as a result of new developments in the topic. Among applications
with the far most importance and longest history is the one in Numerical in-
tegration. The underlying concept is orthogonal decomposition providing the
least error with a prescribed computational effort. Thus the search for the
most appropriate dense subspace of approximation.

This dissertation is a result of the research I was involved in under the
supervision and guidance of academician Gradimir Milovanovi¢. The research
addressed the two key issues, mentioned earlier, related to the theory of Or-
thogonal polynomials on real line. The summary of the known and original
results is given in a systematic overview through four chapters. The Bibliog-
raphy contains 71 titles of scientific papers and books.

The first chapter is introductory. Contains basic definitions and properties
of the theory of Orthogonal polynomials. In particular, a separate Section
is devoted to Chebyshev polynomials of the first and second kind. In the
final section two algorithms for the construction of the three-term recurrence
coefficients are enclosed.

Modification algorithms are treated in the second chapter. Weight func-
tions of the linear functional are transformed and the influence on the re-



currence coefficients is observed. The original algorithm for the quadratic
Christoffel modification is presented along with its application.

Modification of Chebyshev’s measures of the first and second kind is the
topic of the third chapter. Research of these non-classic weights finalized in
the established recurrence coefficients for an entirely new class of orthogonal
polynomials.

The forth chapter is devoted to numerical integration. Necessary and suffi-
cient conditions for the positive definiteness of certain class of linear functionals
is presented. A standard L2-approximation is also treated. As an example,
the modification algorithm from the second chapter is applied to a polynomial
L?-approximation.
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In this paper, we consider a rational algorithm for modification of a positive measure by quadratic factor,
dé (1) = (1 — 2)>do (1), where itis allowed z tobe in supp(do). Also, we present an application of modified
algorithm to the measures da (r) = T22 (1)do (t) and do’ (1) = t2T22(t) do (1), where Th (1) = 1% — % is the
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1. Introduction

Let do be a positive measure on R with an infinite support such that polynomials are integrable
and let {p,}, n € Ny, be a sequence of the corresponding monic orthogonal polynomials,

pn(t) = pu(do;t), n € Np.
It is known that they satisfy a three-term recurrence relation of the form

pn+1(t) = - an)pn(t) - .Bnpn—l(t)a n € N,
po®) =1, p_i(t)=0,

where o, = a,(do) € R, 8, = B.(do) > 0, and by convention, o = Bo(do) = o(R).
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ON POSITIVE DEFINITENESS OF SOME LINEAR FUNCTIONALS

G.V. MILOVANOVIC, A.S. CVETKQOVIC AND M.M. MATEJIC

Dedicated to Professor Gheorghe Coman at his 70th anniversary

Abstract. In this paper we investigate the positive definiteness of linear
functionals £ defined on the space of all algebraic polynomials P by

Lp) =Y wkp(z), pEP.
kex

1. Introduction

Let P be the space of all algebraic polynomials. In this paper we investigate

linear functionals £ defined by
L(p) = Z'wkp(zk), pEP. (D)
heN

In general, we investigate functionals for which wy, z;, € C\{0}, but with the following
restrictions. First, we assume that wy # 0, £ € N. This condition is rather natural,
since, assuming wy, = 0, for some k& € N, simply produces a linear functional where
swmmation is performed over N\{k}. Additionally, we will not loose any generality if
we assume thal z; # z;, 1,7 € N, since, for example, we may skip summation over j
and use w] = w; + wj at point z;.

For the set of nodes z;, i € N, we introduce the notation Z = {z,, | k € N}.

Second we are going to assume that

lim z, =0 (2)

k— 4o

Received by the editors: 15.08.2006.
2000 M athcmatics Subject Classification. 54C50. 32A05.
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REMARK ON ORTHOGONAL POLYNOMIALS INDUCED
BY THE MODIFIED CHEBYSHEV MEASURE OF THE
SECOND KIND*

G. V. Milovanovié, A. S. Cvetkovié, M. M. Matejié¢

Abstract. In this note we introduce a system of polynomials {13L} orthogonal
with respect to the modified Chebyshev measure of the second kind,

~ t+ie+ 1
dAt) = —2—5V1I-t2dt, te[-1,1],
L+ s+ 5

where ¢ is a positive real number, and determine the coefficients in thie corre-
sponding three-term recurrence relation for these polynomials in an analytical
form.

1. Introduction

In this note we investigate polynomials orthogonal with respect to the
moment functional

! t+zc+
(1.1) E(P):/ P(t)Lﬁ\/1~t2 dt, Pe P,
- 2¢

1 t—{—%c—{—

where ¢ € R\{0}. The special case ¢ = 1 has been considered in [4]. To make
it more clear, Figure 1 displays graph of the rational part of the weight
for ¢ = V2. As ¢ tends to 1, the singularity of the rational part tends
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OBPA3AL 1.
N3jasa o ayropcrey

Motnucany-a __ _
6poj ynuca

N3jasmbyjem

* pE3yNTaT COMNCTBEHOr UCTPAXWBAYKOr paja,

s fa npeanoXkeHa aucepralivja y UennHM Hu y AenoBuMa Huje Buna npeanoxexHa 3a
nobujarbe 6uno  Koje aunaoMe  npeMa  CTyaAujCKuMM  nporpaMuma aApyrux

BUCOKOLWKO/ICKNX YCTAaHOBA,

e 13 CYy pe3ynTaTh KOPEKTHO HaBeAeHW U
fla HuCaM KplWo/aa ayTopcka npasa M KOpWUCTUO MHTENEKTYanHy CBOJUHY APYIUX

nnua.

Y Kparyjesuy,




OBPA3AL 2.

W3jaBa 0 MCTOBETHOCTM WITAMITAHE ¥ e/IeKTPOHCKE Bep3uje AOKTOPCKOr paaa

Wme 1 npesume ayTtopa
Bbpoj ynuca
Cryamjc = ===+
Hacnos
MenTOop

Nornucann . )
u3jasyjeMm f[a je wTramnadHa Bsep3uja MOr AOKTOPCKOr pana WCTOBETHA eNneKTPOHCKO]
BepsujM Kojy caM npegao/na 3a objas/euBarbe Ha o noprany  AuraranHor
peno3ntopujyma YHusepautera y Kparyjesuy.

flozsBomasam na ce ofjaBe MOjU NUUHKW nogauun eesaHun 3a Aobujarbe akaaeMmCKor 3Barba
[OKTOpa Hayka, Kao WTo Cy UMe U Npe3ume, roarHa u Mecto poherwa u aartym oabpade
papa.

OBY NUYHK nogaun Mory ce objaBuTt Ha MpEeXHNUM CTpaHuLUamMa aurutante 6ubauvoteke, vy
eneKTPOHCKOM Katanory v y nybnuxaunjama Ynnsep3uteta y Kparyjesuy.

MoTnnuc ayrtopa

Y Kparyjesuy,

e [N £ v et ot <+






OBPA3AL 4.

1.

AyrTopcrso -

Ao3Borkasare yMHOXasawe, AWCTpubyuuly v jaBHD  caonwrasarke  Aena,
npepase, ako Ce HaBeae uMe ayTopa Ha HauvmH oapeljen o4 CTpare ayropa nm
[aBaocLa AvueHue, Yak vy KoMepuujanie cepxe. OBO Je HajenndoiHuja o) CBix
SHUEHLM,

AyTOpCTBO ~ HEKOMEPYMJANHO.

A03B0/baBaTe  yMHOXABarbe, AWUCTPUOYUM]y K JaBHO CaoriuraBahbe  Jcsia, i
npepaje, ako ce Hapeae uMe aytopa Ha sauvK oapehen oy cTpane ayropa wiu
dasaoya nuuese. OBa anuenua He [03B0/LaBa KoMepuumjanny ynotpeby gena.
AyTOpCTBO - HEKOMEpUunjanHo ~ 6e3 npepage.

[oszsorbaBate yMHOXaBarbe, AucTpuOyuujy # jasHo caornwuTasame gena, Hoa
npoMeHa, npeobnukosara nau ynotpebe aena y CBOM Aety, ako Ce Hapene Mg
ayTopa Ha Hauur oapehieH o4 CThare aytopa wiu gasaoua Auuende. Osa hmueiia
He 103B0MkaBa koMepuunjandy ynotpelby Aena. Y 04HOCY Ra CBe OCTafie NuueHue,
OBOM JIMLEHLIOM Ce orpanuvasa Hajsehn obum npara kopuwherwa pena.
AyTOpCTBO -~ HEKOMEPUMjasIHO - [enutn n[nog uCcTumM  yCraoBHMA.
Ado3somapate  yMuHOXaBarbe, AWCTPMOYLM]Y W JaBHO caoruutaBaise  aena, i
npepajle, ako ce Hapede MMEe ayTopa Ha HauuH ofpeher o/l CTPAaHe ayiopa wuhin
AaBaola NuuUeHue 1 ako ce npepasa aAuctpubyupa nofl UCTOM MW CAMYHOM
muuenyom. OBa nuueHUa He A03B0/baBa KoMepuujanHy ynoTpeby aena v npepapa.
AyTtopcTtBo ~ 6e3 npepage.

AozBosbasare yMHOXaBawe, AMCTpubyuuvjy W JaBHO caonuwTavarse aena, bes
npoMera, npeobrikoBarma nnu yrnotpebe Acna y CBOM ey, akKo e HAaBeAe nhe
ayropa Ha HauuH ofgpehen oa cTpasne ayTopa v pasaoua nuvdenue. OBa NrueHuyd
Ao3Bo/baBa KoMepunjanhy yrnotpeby aena,

AyTOpPCTBO - 4€INTH NOHA NCTUM YCAOBMMA.

[lo3BossaBate  yMHOXaBarbe, AucTpubyuujy v jaBro caonwTasarbe jena, w
npepajge, aKko Ce Hase/le UMe ayTopa Ha Haure oipelieH Ol CTpase ayTopd Wi
AaBaola AMuUeHUe M axko ce npepaja aucTpubyupa nog MeTom MAKW CHMYHOM
Avueruom, 0Ba NvueHua A03BOJbABE KOMepUuM]anHy ynorpeby aena v npepajs.
Cnnvna je coPpTBEOPCKMM MMUeHamMa, oaHDCHO NULEHIAMa OTBOPCHOT KOLA.
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